1.3 Computation of Limits

1. Limits of Some Special Functions:

I. For any polynomial p(x) and any real number a,
lim p(x) = p(a).

Il. Power of functions. Letlim,.,f(x) = L. Then for n a positive
Integer.

lim [ f)]" = L".

X—a

lll. Root of functions. Letlimy.4 f(x) = L. Then

.
/L ifnis odd

”\/T fnisevenandL >0

.

lim 3/ f(x) = <

/
. . . . lim,., SINX = SIna
iv. Sine and Cosine functions. < "

lim,., COSX = coSa

.



/

. . limy_,e* = e?
v. Exponential functions. <

limy,ab* =Db2 forb>0andb +1
.

_ o _ lim,,, Inx =Ina
vi. Logarithmic functions. Fora > 0, <

lim,_, log,x = log, a
\

Example: Find the following limits.

a. lim J x?-2x+nx b. lim cos3(x) c. lim Inx
X—2 X—=>T X—>€2

a. lime, (X2-2x+71)=2°-22)+n=n>0

lim Jx2-2x+7 =1lim JxX2-2X+7x z,/yr
X—2 X—2

b. lim, cos(X) = =1, limy., cos3(x) = (-1)° = —1.
c. lim,, Inx=1In e? = 2Ine = 2.



2. Rules of Limits:

Suppose that limy., f(X) and limy., g(X) exist. Let ¢ be a constant.
Then

. [Imy.a cf(X) = ¢ limy.,a f(X)

. Iimyoa[ (X)) £g(X)] = limyoa f(X) £ limyoa g(x)

L limyeal 160)9(X)] = [limyeaf(x) ] [ 1iMyeag(x)]
f(x)  limysa f(x)
g(x)  limx.ag(x)’
Example: Find the following limits algebraically.

] _ . - 1) ] 2 _4
a. lim x2=1)e2+1  p. lim SIN(X + c. lim X
X0 ( ) x>0 In(x% + 2) -2 X% +1

a. limyeo (02-1)e20+ = ¢

- sin(x+1) _ sin(1)
b. limeo 105 = g = 1. 213986017

. X2—4 . g _
C.IImyz ~7= =5 =0

V. If limy.ag(X) # 0, then limy.4




f(x)

Question: When lim,.ag(x) = 0, how can we determine if limy.,

g(x)
exists and how can we find limy.4 ;(())(()) If It exists?
Answer:
f(x) constant
Case 1l Ilquafix) + 0 (g(x) 0 X — a)
Then limy.a ((X)) DNE (Example: limy.; §§ +le DNE)
Case 2 limy,f(x) =0 (—= ) — = asX — a)

9(x)
Factorize both f(x) and g(x) by x — a and simplify:
fx) _ x—a)fi(x) _ fi(x)
g(x)  (x—-a)gi(x)  91(X)
fx) _ f1(X)
960 T gi00

and lim,.,



- i X2 —4 - X —9
Example: a. limy.; 7 . limy_g 3- X C.
lim,.. 2X
=0 2 —Jx+4
- x2—4 0 (X=2)(x+2) _ . x+2 _ 4
a. limy., v lim,.» DX+ 1) lim,y..» 1 =3
0 _ _
b. limy.g X—9 0 liMy e (X 9)(3+ﬂ) T (X 9)(3+ﬂ)
3-JX 3- /X))@ + J/X) 0 —X
= limy,o —(3+ J/X) = -6
_ Sx g 5x<2+,/x+4>
c. limy.o = |limy.o
2_Jx+4 (2-+2)(2+/x+4)
. 5X<2—|— ,/x+4> _ 5x<2+ ,/x+4>
— IImX—>O — Ilmx_>0 —
(4 - (x+4) X

= lim,.o — 5(2 + ,/x+4) = -20



3 > B
Example: a. limpo 2+ =8 liM o yX*-x+9 -3
h ¥2 _ x
a. 3
limmo (2+hh) =8 _ limee 8+12h+6hh2+h3—8 T 12h+6hh2+h‘
2
= limp_g h(12+ﬁh ) limp.o(12 + 6h + h2) = 12
- JX2—-x+9 -3 . (JXZ—X+9—3><JXZ—X+9 +3>
b. limyo 5 = limy.o
S (XZ—X)<JX2—X+9 +3>
2 2
= lim,.o X =X+9-9 — lim, %2 _x |
X (XZ_X)<‘/X2_X+9+3> X (XZ—X)<JX2—X+9 +3
= limy_o 1 — 1
X -x+9+3 6



sin(x)

Example: Assume that limy.o —— = 1. Find the following limits
algebraically.
a. I|m X? CSC2X b. lim SIn(3x) . lim tan(3x)
X—0 x—0 2X x—0 2X
a. limy.o X2ese2X = limy.o —X5 S fim o( X )2 — [Iim X ]2
R " sin2x 0\ sinx 0 °5inx
Because
2
lim—X_ = lim—L1 =1 _1 [lim.L] —12=1
x-0 SINX X—0 SI)I’(IX 1 x-0 SINX
: sin(3x sin(3x : sin(3x
b. lim,.o 2(x ) limeo(L)(3) ( )~ 3lime 3(X ) _ 3
: tan(3x) : sSin(3x) : sSin(3x) 1
Climy. — . — R
¢ iMx-0 =5 M- 2% c0s(3x) M0 =5 cos(3x)

-(9)4-1



3. Squeeze Theorem (Sandwich Theorem):

Theorem: Suppose that f(x) < g(x) < h(x) for all x in (a,b), except
possible at the point ¢ containing in (a,b), and
Ixigg f(x) = Ixim h(x) = L.

Then
lim g(x) = L.

X—C

Example: Use the Squeeze Theorem to find limy.g <x2 cos(%)).

Observation: asx - 0, % — + oo and values of cos(%) are

oscillated but are between —1 and 1. Since, x? - 0, we know the
limitis 0. Now we show this algebraically.

_ ltipl h side by x2
It is known that —1 < cos(%) <1 ST x2 < x2 cos(%) :

Since (f(x) = —x?, g(x) = x%os(%), h(x) = x?)
lim (—x?) =0 and IXLrQ (x?) =0 = lim x%os(%)) = 0.

x—0 x—0



