1.5 Limits Involving Infinity
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Results for functions f(x) = where n is a positive integer:

X"
1. Infinity as a Limit: limy.a f(X) = oo, limy.a f(X) = — nis odd: nis even:
Consider limits: ) 1 ) 1
imi,  imi,  iml, gimLl Mo G =0 ] liMor 5 = oo
x-0~ x-0* x-»0- X x-0*t X . 1 . 1
limyo- G = o0 limcor <5 = o
Graphs of % and x% :
- N Results for functions f(x) = ﬁ where n is a positive integer:
y 2+ —
_1 ; -1 . :

y=x L y X2 L nis odd: nis even:

5 4 3 2 1234)(5 5 a4 3 2 1 iig“f,—j;( . ) 1 _ - ~ 1 _

W 10T I|mx—>a (X— a)n = —©0 , I|mx—>a (X— a)n = ©
= 7 limy_ar ﬁ = 0 limy_a+ ﬁ = ©

Results:

iml 3 o jiml® imLl —jliml ®

fimg 2 =0 fipx 2o fimsy = limse = o
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Definition of a vertical asymptote: a. lim,.i 12— 2X _ lim i 11— 2X - X<l ( 612 ) —
The vertical line x = a is a vertical asymptote of the graph of f(x) if x*-1 X=DX+1) w10 \ O
f(x) is defined for x < a and limy.,- f(x) = o or —o; or if f is defined for
X > a and limy.q+ f(X) = o0 or —o. . 1-2 . 1-2 x<-1 1
b. limy. - ==X = lim 4 —=—&X 'S (——)=—
XL T T E DD a0 \CDE0) ) T

Example: Determine if each of the following limits is a constant,
o0, —00, or DNE.

; 1-2x ; 1-2x x=1
a )!Lrln X2 -1 b. XLIT- X2 -1 T xo-3- (X+3)2
d. lim —X+1 e lim —2=X_ folim —2=X_
x-2- X2 —5X+ 6 X-1- /1_X2 x-1* /1_X2
g. lim In(5x) h. lim In(5x) i. lim e=*sin(nx)
x-0* x-0~ X—+ 00

c. limy g —X=1_ *&0 (AN _
o (X+3)2 (x+3)%0 <+O>
Nimer —X+1 lim, X1 2 (#);
dlMes S 88~ ™ KK -3) a0 \(O(D ) "
e. limer- —2=X — [imo- 2-X = R S [
e A0 x) 10 \ JGO)Q)




f. limy.g+

A — IimX»l*’ 2—X X;l # =DNE
T-x2 001X 10 \ JCOQ)

g. limeo- IN(5x) = In(+0) = -

x<0

h. limy.o- In(5x) = In(-0) = DNE

5x<0

i lim,, e *sin(zx) =0 (lim,,, e *=0and -1 <sin(zx) < 1)

2. Limits at Infinity:  limy.. f(x), lim

X—=> — OOf(X)
We study the behaviors of a function f(x) as x - o0 and x » —w,
This concept is not new to us!!

Recall: y = L is said to be a horizontal asymptote of the graph of f if
limy.o f(X) = L or limy._ f(x) = L.

Results:
lim 5 =0 and im0
For any positive integer n,
lim 1 =0 and Im 1l =0
X— 0 X—= —00 X

For any positive rational number n = % :
1 1
lim T =0, and xllmoo T = =0 (qis odd).
5 6
Horizontal asymptote of a rational function: Three cases: lim,.., f(x) = lim,_, Snxnm
—100 —100 mx
Let ) T i. m=n, then
fix) = _@nX" +an X" + - +a;X + o . A an _ an
(0 BmX™ + bm_tX™ ! + -~ + biX + by Xﬂi"o‘o f(x) = XEQQ@ box" Xm‘o by by’
Where_: m a_nd. n are positive integers. Hence, the graph of f(x) has a horizontal asymptote: y = %.
Consider limits: 3 h n
: . ii. m>n, then
limf(x) and lim f(x). 1 a
X0 X =0 lim f(x) = lim b = lim b (xm T ) = (0) =0.
Observe that as x — o or X - —o, X xoxo DmX Xk HM
same behavior Hence, the graph of f(x) has a horizontal asymptote: y = 0.
anX" +an X"+ --- +aix+ag ~ anpx"
d iii. m<n, then
an n
. . anX a a
same behavior lim f(x) = lim an lim =% (xn M) = =(f0) =0 0Or —©
BmX™ + bmoaX™t + -+ + bix + bo ~ Bmx™, Xorkoo X>teo Lm Xekoo bm
Hence, Hence, the graph of f does not have a horizontal asymptote.
n
lim f(x) = lim g‘nx
X—to0 X—+o0 m
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Example: Find the horizontal asymptote(s) and vertical asymptote(s)

In summary,
lim 100 = lim anX" + an X" + -+ aix + ag of the graph of f if they exist.
X—300 X—100 mem + bm_lxm* + -+ b1X+ bo a. f(X) _ 2)(2——X+1 b. f(X) _ X C. f(X) _ )(3—+l
. a, y 1-3x2 3—x? X2 +2
[ ifm=n
Can bn a. f(x) = Lxgl inthiscase,m=n=2, a, =2, b, = -3, so
= lim 205 =< i o if m > n 1-3x
X0 PBmX lim 2x2—x+1 _ 2 :_;
iii. ocor —oo ifm<n wot w1 —3x2 (-3) 3
that is, the graph of f(x) has Horizontal asymptote: y = — %
i. a horizontal asymptote y = 8 ifm = n; _
- _ n Vertical asymptote: Set 1—3x2 = 0 and solve for x :
.|.|_. a horlzpntal asymptote y = 0 ifm>n; or ;=1 X2 = L, = J_rL, vertical asymptotes: X — L1
iii. no horizontal asymptote if m < n. 3 3 J3
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b. f(x) = 3 sz , inthiscasem =2>n=1, solim_, 3—Xx2 =0 Example: Find the following limits.

Horizontal asymptote: y = 0

Vertical asymptote: Set3-x2=0. x2=3, x=+,3, vertical
asymptotes: x = +./3.

3 3
c.fx) = X+L inthiscasen=3>m=2 solim X2+l _ 4
() X2+2 Xéiooxz_‘r_z

and the graph does not have a horizontal asymptote. Since
x2 +2 = 0, there is no vertical asymptote.

o0

11

. 2_X2 .
a. lim——2— b. lim( J4x2 —=5x+17 —2x
X—00 [X4+X_1 X—00 )

Note that f(x) in these two examples are not rational functions.
Though we cannot use the results given above directly, we can use
the same idea to derive the limits.

2 —x?
IxXP+x—-1
This is a —> type. Observe that as x - « or —o, Jx*+x-1is
dominated by vx* = x2 and 2 — x? is dominated by —x2. So,

a. limy,o

. _y2 . _y2 _
||m2—x = ||mi2 = =1 = -1.

12




b. lim, (./4x2 - 5x+17 - 2x>

It is a oo — o type. First we need to rewrite the function. Recall the
identity:
a?-b? = (a-h)(a+bh).

The factor (a + b) is called the factor conjugate to (a—b) ((a—Db) is
also called the factor conjugate to (a + b)). Factors (a+b) and (a—b)
are called a conjugate pair. Let us consider

a=4J4x2-5x+17 and b= 2x

Then J4x? —5x + 17 — 2x is of the form a — b and the factor conjugate

toitis
a+b = yJa4x2-5x+17 +2x.
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lim( J/4x2 —5x + 17 — 2x)
X—00
(./4x2 —5x+17 — 2x> (./4x2 —5x+17 + 2x>

= lim

X0 4x%2 —5x 4+ 17 + 2x

(Vo —5x+ 17 )" - (202 Ix — 5x + 17— (20)°

= lim = lim

Xo500 4X2 —5X + 17 + 2x x>0 JAXZ —BX + 17 + 2X
= lim —Sx+17 ~ lim —=5X _ |im ==X

o JBXZBX 117 +2x e [JAXZ 42x e 2X[+2X
a xILT 2X + 2X XILT ax 2
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Example: Suppose that the length of a small animal t days after its
birth is given by

L(t) = % mm.
2+3(0.4)

What is the length of the animal at birth? What is the eventual length
of the animal (i.e., the length as t —» ).

The length of the animal at birth is
L) = = = 20 mm.
©) 2+3(0.4)° 2+3(1)

The eventual length of the animal is
liMio L(E) = liMio Observe that lim..,(0.4)" = 0. So

2+3(0.4)"
limL(t) = lim 100 - 100 _ 50 mm.
ML) = fim 2+3(0.4)"  2+3(0)
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3. Slant Asymptotes (Oblique Asymptotes):

As we derived previously, in the case where m < n, the graph of f
does not have a horizontal asymptote. Observe that in this case by
Long Division f(x) can be expressed as of the form:

R(x)
f(x) = p(x) +
() = PO + 505
where p(x) is a polynomial of degree n —m, and R(x) and Q(x) are
also polynomials and the degree of R(x) is less than the degree of
Q(x). As x — toxo, RO — 0 so the behavior of f(x) is very much like

Q(x)

the one of p(x). When p(x) is a linear function (n = m+1), y = p(x)
is called a slant asymptote of the graph of f.

x3+1

X2 +2x
Since m = 2 and n = 3, the graph of f has a slant asymptote. Apply
Long Division:

Example: Find a slant asymptote of f(x) =
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X—2
X2+ 2X | x3+0x2+0x + 1

X3 + 2x2

—2x% +0x +1
— 2X? — 4x

4x +1

f(x) =x-2 M
) +x2+2x

Graphically,
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-y =X+

—2x+1
X2 +2x '

, the slant asymptote isy = x -2
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