2.1 Tangent Lines and Velocity
1. Slope of a Line:

Let L be a line passing through points (x1,y1) and (X2,y2). Then

the slope of L m = 2(/2 :%1
the equation of L y—y1 =m(X-—X1)

If these two points are on a curve y = f(x), then this line is also called
a secant line to the curve.

2. Difference Quotient and Secant Lines:

Consider a curve y = f(x). Leth > 0. The slope m.,. of the secant
line through the points (a, f(a)) and (a+h, f(a+h))is
— fla+h)-f(a) _ fla+h)-1f(a)
(a+h)—a h

m IS also called a difference quotient.




3. Slope of a Tangent Line:

The tangent line to the curve y = f(x) at x = a is the line that touches
the curve at only one point (a, f(a)) when x iIs near a. The slope

m,,, of the tangent line to the curve y = f(x) at x = a is defined as

. . f(a+h)-f(a
Mgy = LILTO] Meee = LI_(Q ( I’)] ()

provided the limit exists. The equation of the tangent line at the
point (a, f(a)) Is

y—f(@) = My, (X-2a) or y=mMg X-2a)+f(a)

Steps for computing m, :
(1) Compute f(a).
(i) Compute and simplify the difference quotient:

f(a+h)-f(a)
h

f(a+h)-f(a)
n .
If the limit exists.

ii. Compute m,, = limn,o



Example: Find the equation of the tangent line to the curve

y=2x3—xatx =-1.

() f(-1) = 2(-1)* - (-1) = -1

(i) Compute and simplify the difference guotient:
f(<1+h)-f(-1) 2(-1+h)°—=(-1+h)—(-1)

h h
~2(h*-3h*+3h-1)-h+1+1
a h
:2h3—6h2+5h — 2h2 —=6h + 5
h

(i) Compute m,_,

e = fim JELEM) — D)

T 2 _ _
im - = I}]lir()](Zh 6h+5) =5

(iv) The equation of the tangent line:
y—(-1)=5x-(-1)) > y=5+5-1=y=5%+14



Example: Find the equation of the tangent line to the curve y = 3X

X+1
at x = 1.
. 31 3
O =31 =2
(i) Compute and simplify the difference guotient:
31+h) 3 31+h) 3
fl+h)-f(1)  @+h)+1 2  “2inxn ~ 2
h B h B h
6+ 6h—6—23h 3h
2(2+h) ~22+h) 3
h - h - 2(2+h)
L fA+h)-f1) _ . 3 _3
(i) Compute m,, = limy - = limp_o 22+h) 4
(iv) The equation of the tangent line:
_3 _ 3x_ _3y_3_.3_3,,3
y 5 4(x 1) =y 4x 4+2 4x+4




Example: Find the equation of the tangent line to the curve

y=J2x-3 atx = 2.
() f(2) = J2(2)—3 =J1 =1

(i) Compute and simplify the difference guotient:

fQ+h)-f2) 42@+h)-3-1  /2h+1-1
- - h

h h
) <,/2h+ —1><,/2h+1 +l> ) o+ 1—1
- h(,/2h+1 +1> - h(,/2h+1 +1>

_ 2h _ 2
h<,/2h+1 +1> J2h+1 +1

o fR+h)-fQ) . 2
i) Compute m_, = limy_, = limp., =1
(1) COMPUE Men = fiMh-0 == AR 41

(iv) The equation of the tangent line:
y-1=(1)x-2)=y=x-2+1=x-1



4. Velocity and Instantaneous Rate of Change:If f(t) represents the
position of an object at time t, then

o @F hr)] —f@) _ average velocity of f(t) in [a, a+ h]

f(a+h)-f(a)
h
Instantaneous velocity = velocity

® |imh_,o

= velocity of f(t) att = a



Example: Let f(t) = 4t*> — 3t + 1 be a distance function in feet of a

moving object at time t in seconds. Find the velocity of the object
when t = 1 second.

MHf(l)=4-3+1=2
(i) Compute and simplify the difference quotient:
fA+h)—f(1) _ 4Q+h)*-31+h)+1-2

h h
41+2h+h%)-3-3h—-1  4+8h+4h2-3h-4
- h B h
_ 5h + 4h? _ h(5+4h) — 5+ 4h
h h
(i) Compute v(1)

v(1) = lim XD =) s 4 any = 5 fysec
h—0 h h—0




Example: Suppose that the population of a city is estimated to be

f(t) = 4100 + 8t million people t years from now. Find the rate of
change of the population 2 years from now.

0 f(2) = Y100 + 16 = 116
(i) Compute and simplify the difference quotient:

fQ+h)-f2) 100+82+h) -J/116  /116+8h — /116
h - h - h

(V116 +8h — /116 ) (/116 + 8h + /116 )
h(/116+8h + /116 )

116 + 8h — 116 _ 3
h<J116 +8h + /116 ) J116 + 8h + J/116

(i) the instantaneous rate of change:

lim 12+ —1@) _ ) 8 _ _ 8 _0.3714 millior
h-0 h -0 /116 + 8h + J/116  2./116

That means that the population of this city grows 0. 3714 million people per year two years




