2.4 The Product and Quotient Rules
1. Product Rule:

Let f and g be differentiable at x. Then
L-[100g00] = 0 900 +f(x) g'(0).
Note that:
® -L[10)g00] # ' (0g'00).
® -L-[f00)g0Oh()] = - [fC0(GEOC0))]

= (x)g(x)h(x) + F)g' (Oh(X) + fF()g)N' (x)

@® Forn > 1integer, %[[f(x)]”] = n[f(x)]n_l f ’(x).
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Proof. Let h(x) = f(x)g(x). By definition,

h' (%) = Ih'ﬂ)‘ h(x + hr)1 —h(x) _ m f(x +h)g(x +hh) — f(x)g(x)

_ lim f(x+h)g(x+h) —f(x)g(x+ h) + f(x)g(x + h) — f(x)g(x)
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_ I'm[ f(x + hr)1 — f(x) g+ h) + (%) g(x+h)—-gXx) }
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_ L'IQ f(x + h% — f(x) g+ h) + L‘EE‘f(X> g(x + h% —g(x)

= 00g(x) +f(x)g'(x)




2. Quotient Rule:
Let f and g be differentiable at x and g(x) # 0. Then

d [ fx) } _ 100900 —f0g'00

ax | g(x) [9(x)]°

Note that:
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For n > 1 integer, %[[g(x)]‘”] = —ng'(x)[g(x)]" "D,

Proof:
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Example: Find h'(x) where
a. h(x)=(2x2—1)<x3— L, 2)

2 _
b h(x) = C%Xx2 +12

2 _
c. h(x) = (ﬂ+1)§+2§

d. h(x) = <x+ %)(2x2 +Xx—1)(JX +1)

1 100
e. h(X) = (ﬂ + ﬁ)

f. h(x) = 1
(x) (2x2 — x + 1)*%




a. h(x) = (2x% - 1)( - % + %) = f(x) = (2x% — 1)(x3 — x 12 4 2x2)

h'(x) = 4x(x3 —x12 4+ 2x72) + (2x% - 1)(3x2 N 4X_3)

= 10x* — 3,/x —3x? - %X_% + 4x73

2 _
b. "0 = 3XX2 +12

h'(x) =

2X(3x* +2) —(x* -~ 1)(6x) _ 10
(3% + 2)? (3% +2)°

JX 1/2

c. h(x) = 1 _ (x12 11 X

0 = (X + DX S = (e ) XX
h (x) = X—1/2 x2 — x12

x) = X + 2x12

(2x— =

X—1/2)(X + 2X1/2) . (X1/2 4+ 1)(X2 . X1/2)

+(x¥2 +1)
(x + 2x32)*




d. h(x) = <x+ %)(sz +x—1)(JX +1)
h'(x) = (1= x2) (@2 +Xx=1)(JX +1) + (X+ % ) (4x+ (/X +1)
+ <x + %)(ZX2 + X — 1)(%X_1/2 + 1)

100
e. h(X)z (ﬂ_yL)

JX
99
h'(x) = 100(ﬂ + %) ddx (X124 x-12]
o) e
f. h(x) = 1 — (22— X+ 1)—2006

(2X2 — X + 1)2006
h'(x) = —2006(4x — 1)~



Example: Suppose that f(x) and g(x) are differentiable and we know
f(0) = -1, f(1) =2, f (0) = -1, f (1) = 3
g(0) =3,9(1) =1,9'(0) =-2,9'(1) =-3.

Find the equation of the tangent line to the curve y = h(x) at x = a.

. . x4f(x)
. h(x) = f(x)g(x), x =20 . h(x) = 90
. M@an = h'(0) = f(0)g(0) +(0)g'(0) = (-1)(3) + (-1)(-2) = -1
Equation of the tangent line: h(0) = f(0)g(0) = (-1)(3) = -3
y—h(0) =h'(0)(x-0), y=(C-1)x+(-3)=-x-3
[2xF(0) + 21" (x)Jg(x) = x*f(x)g' (X)
[9(x)]°
(2D + M*F'A@) Js@) - D*F(D)g'd) _
[9(1)]°

tangent line: h(1) = (13(21()1) =-2,y+2=(-3)(x-1),y=-3x+1.

X =1

|| mtan — h/(l)’ h,(X) =

h'(1)- -3




Example: A baseball with mass 0.15 kg and speed 45m/s is struck by
a baseball bat of mass m and speed 40 m/s (in the opposite direction
of the ball’'s motion). After the collision, the ball has initial speed

82.5m — 6.75
m+o15 s

Find limmp..u(m). Show that u’(m) > 0, and compare u’(1) and
u'(1.2).

u(m) =

82.5m—-6.7/5 _ lim 82.5m _ 82.5m/s.

limu(m) = lim

Moo me  m+0.15 Mmoo M
oy F (82.5)(m + 0.15) — (82.5m — 6.75)(1)
(m + 0.15)%
_ (82.5)(0.15) +6.75 _  19.125 _ 4
(M + 0.15)% (M + 0.15)%

This means the initial speed is always increasing with respect to the
mass of a baseball bat. Let us check the values of u'(m) atm = 1 and
m=12:



u'(1) = 22129 _ 14 4612476 misikg
(1.15)

u'(1.2) = (1193%2)2 _ 10. 4938272 m/s/kg.

u(m) Is increasing but its increasing

rate is decreasing (u”’(m) should be

negative). Though the initial speed is

| |[ncreasing, it will be always less than
] X

82.5 m/s (Since limm... u(m) = 82.5 m/s)

no matter how large the mass of bat is.

y = u(m)



