2.6 Derivatives of Trigonometric Functions
Derivatives of sin(x) and cos(x):

Facts: (1) Iimhﬁo% — 1 (2) limno 1—ﬁosh 0
Proof (of (2)):
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Derivatives of sinx and cosx :

(2) %[Sinx] =cosx (2) %[cosx] = —sinx

Derivatives of tanx, cotx, secx, and cscx:

(3) di[tan X] = sec?x (4) dl[cotx] = —CsC2X

(5) dd [secx] = tanxsecx (6) cscx] —cotxcscx

Recall: sin(a+b) = sin(a)cos(b) + sin(b) cos(a)
cos(axb) = cos(a)cos(b) F sin(a)sin(b)

Derivation of i[sin X] :

dx
d o . sin(x +h) —sin(x)
W[smx] = L'EB‘ h
_lim sin(x) cos(h) + sin(h) cos(x) — sin(x)
~ h-0 h
_ lim sin(x)(cos(h) — 1) + sin(h) cos(x)
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= sin(x)(0) + (1) cos(x))

Derivation of %[cos X]: HW

Recall: sin?x + cosx = 1
sec?x —tan?x = 1

Derivations of i[tanx] and i[secx].

dx dx
d _d [.sinx 7 QR COSXCOSX — sinx(—sinx)
dx [tanx] = dx [ COSX ] - coS2X
in2
_ Cos?xcosx +8in°x _ _ 1 _ qac2y
COS2X C0S2X
d _dr_1 7eRr 0—(1)(—sinx)
dx [secx] = dx [ COSX } = c0S2x

_ sinx
= cosx(cosx) tanx secx

Derivations of dd [cotx] and c(ij [cscx]: HW

Example: Let f(x) = sinx and g(x) = cosx. Find
f®(x), f208)(x), g®(x) and g% (x).

n 0 1 2 3 4
f™(x) | sinx | cosx | —sinx | —cosx | sinx

g™ (x) | cosx | —sinx | —cosXx | sinx | cOSX

5=4+1,
fOx) = f(x) = cosx, g®(x) = g'(x) = —sinx
2006 = 4(501) + 2,
f(2006)(x) = f'(x) = —sinx, g% (x) = g"(x) = —cosx




Example: Compute f ’(x) where

a. f(x) = sm ™ b. f(x) = 2sin(xx) cos(3x)
c. f(x) = ycos?X + x? d. f(x) = sec?x — sec(x?)
e. f(x) = /X tan(/x)cot(38x) f. f(x) = 3cos(sec(x?))

a. f(x) = si)r(lzx = x2csc2x
£ 00 = 2xsin2x—x'2(425inxcosx)
sin“x
2xsinx(sinx — Xcosx)
- sinx

f /(x) = 2XCSC?X + X?(2cscX(—Ccscxcotx))
= 2xcsc?x(1 — xcotx)
b. f(x) = 2sin(zx) cos(3x)
f /(x) = 2(cos(rx) () cos(3x) + sin(zx)(—sin(3x)(3)))
= 2(mcos(nx)cos(3x) — 3sin(zx)sin(3x))
c. f(x) = Jcos?x +x2 = (cos2x + x2) 2
f'x) = %(COSZX +X?)(2cosx(—sinx) + 2x)

= (C0S2X + X?)(X — cOsXSinX)

d. f(x) = sec?x — sec(x?)
f/(x) = 2secx(secxtanx) — sec(x?)tan(x?)(2x)
= 2[sec?xtanx — sec(x?) tan(x?)]
e. f(x) = J_tan(,/_)cot(Bx)
£ = Lxt2tan( /%) cot(3x) + /X sec?(JX ) (4x 1) cot(3x)
+ /X tan(yx) (- 3csc2(3x))
% X2 tan( /X ) cot(3x) + +
— 3 /X tan({/X ) csc?(3x)
f. f(x) = 3cos(sec(x?))
f'(x) = 3[-sin(sec(x?))(sec(x?) tan(x2))(2x)]
= —6sin(sec(x?))(sec(x?) tan(x?))

secz(f X ) cot(3x)

Example: Find the equation of the tangent line to the curve

y = x2cosx at a = %
Equation of the tangent line:

v-1(5)=1(£)(-%)
(5)=(5)es(£)-(3)(3)-%

f'(X) = 2xCOSX + X2(=SinX) = 2XCOSX — X2sinX
(%) - <2>(%)C°S(£) -(5)n(5)-5-(5)
tangent line: y— Z_ = (% (l> )(x—%)
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Example: Find all values of x at which the tangent line to the curve
y = 5Xx+sinx is horizontal.

Slope function: m = f'(x) = %[%x+sinx] = £ +c0s(X).

!
Setf (x) = 0 and solve for x : & +cos(x) = 0,

cos(x) = —%, Xxisinthe 2nd and 3rd quadrant.
ForO<x<2m x=n-% =2, x=n+% =4,

For—o < x < oo, X = 2 +2nz, X = 4 +2nz, n=0,1,...,n

y 10
Verify the results graphically: \ : /

Example: Let s(t) = 4cos(2t) in meters be a position function of a

moving object at the time t seconds. Find the velocity of the object at

timet = 0 and % For what time is the velocity 0? What is the

location of the object when its velocity is 0? When does the object
change directions?

(1) v(t) =s'(t) = 4(=sin(2t)(2)) = —-8sin(2t),

v(0) =0m/s

v(%) = —85in<2<%>> = —85in<%> =-8m/s
(2) v(t) =0, —8sin(2t) = 0

2t=+nr =nr, t= ”7” n=0,12....

(3) When't = nTE n=012,...,

s(t) = 4cos(2t) = 4cos<2<n7”>> — 4cos(nr) = +4

(4) The object changes directions whenever its velocity is 0 :

t = ”7” n=0,12,....
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