
2.6 Derivatives of Trigonometric Functions
Derivatives of sinx and cosx:

Facts: (1) limh→0
sinh

h  1 (2) limh→0
1 − cosh

h  0

Proof (of (2)):

lim
h→0

1 − cosh
h  lim

h→0

2 sin2 h
2 

h  lim
h→0

sin h
2 

h
2

sin h
2  10  0

Derivatives of sinx and cosx :

(1) d
dx sinx  cosx (2) d

dx cosx  − sinx

Derivatives of tanx, cotx, secx, and cscx:

(3) d
dx tanx  sec2x (4) d

dx cotx  −csc2x

(5) d
dx secx  tanx secx (6) d

dx cscx  −cotxcscx
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Recall: sina  b  sinacosb  sinbcosa
cosa  b  cosacosb ∓ sina sinb

Derivation of d
dx sinx :

d
dx sinx  lim

h→0

sinx  h − sinx
h

 lim
h→0

sinxcosh  sinhcosx − sinx
h

 lim
h→0

sinxcosh − 1  sinhcosx
h

 lim
h→0

sinxcosh − 1
h  lim

h→0

sinhcosx
h

 sinx0  1cosx
Derivation of d

dx cosx: HW
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Recall: sin2x  cos2x  1
sec2x − tan2x  1

Derivations of d
dx tanx and d

dx secx.

d
dx tanx  d

dx
sinx
cosx

Q.R.
 cosxcosx − sinx− sinx

cos2x

 cos2xcosx  sin2x
cos2x

 1
cos2x

 sec2x

d
dx secx  d

dx
1

cosx
Q.R.
 0 − 1− sinx

cos2x
 sinx

cosx
1

cosx  tanx secx

Derivations of d
dx cotx and d

dx cscx: HW

3

Example: Let fx  sinx and gx  cosx. Find
f5x, f2006x, g5x and g2006x.

n 0 1 2 3 4
fnx sinx cosx − sinx −cosx sinx
gnx cosx − sinx −cosx sinx cosx

5  4  1,
f5x  f ′x  cosx, g5x  g ′x  − sinx

2006  4501  2,
f2006x  f ′′x  − sinx, g2006x  g ′′x  −cosx
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Example: Compute f ′
x where

a. fx  x2

sin2x
b. fx  2sinxcos3x

c. fx  cos2x  x2 d. fx  sec2x − secx2

e. fx  x tan x cot3x f. fx  3cossecx2

5

a. fx  x2

sin2x
 x2 csc2x

f ′
x  2x sin2x − x22sinxcosx

sin4x

 2x sinxsinx − xcosx
sin4x

f ′
x  2xcsc2x  x22cscx−cscxcotx

 2xcsc2x1 − xcotx

b. fx  2sinxcos3x

f ′
x  2cosxcos3x  sinx− sin3x3

 2cosxcos3x − 3sinx sin3x

c. fx  cos2x  x2  cos2x  x21/2

f ′
x  1

2 cos2x  x22cosx− sinx  2x

 cos2x  x2x − cosx sinx
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d. fx  sec2x − secx2

f ′
x  2secxsecx tanx − secx2 tanx22x

 2sec2x tanx − secx2 tanx2

e. fx  x tan x cot3x

f ′
x  1

2 x−1/2 tan x cot3x  x sec2 x  1
2 x−1/2 cot3x

 x tan x −3csc23x

 1
2 x−1/2 tan x cot3x  1

2 sec2 x cot3x

− 3 x tan x csc23x

f. fx  3cossecx2

f ′
x  3− sinsecx2secx2 tanx22x

 −6sinsecx2secx2 tanx2

7

Example: Find the equation of the tangent line to the curve
y  x2 cosx at a  

3 .

Equation of the tangent line:
y − f 

3  f ′ 
3 x − 

3

f 
3  

3
2
cos 

3  
3

2 1
2  2

18

f ′
x  2xcosx  x2− sinx  2xcosx − x2 sinx

f ′ 
3  2 

3 cos 
3 − 

3
2
sin 

3  
3 −


3

2 3
2

tangent line: y − 2

18  
3 −


3

2 3
2 x − 

3
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Example: Find all values of x at which the tangent line to the curve
y  1

2 x  sinx is horizontal.

Slope function: m  f ′
x  d

dx 
1
2 x  sinx  1

2  cosx.

Set f ′
x  0 and solve for x : 1

2  cosx  0,
cosx  − 1

2 , x is in the 2nd and 3rd quadrant.
For 0 ≤ x  2, x   − 

3  2
3 , x    

3  4
3 .

For −  x  , x  2
3  2n, x  4

3  2n, n  0,1, . . . ,n

Verify the results graphically:
-6 -5 -4 -3 -2 -1 1 2 3 4 5 6

-1.0

-0.5

0.5

1.0

x

y
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Example: Let st  4cos2t in meters be a position function of a
moving object at the time t seconds. Find the velocity of the object at
time t  0 and 

4 . For what time is the velocity 0? What is the
location of the object when its velocity is 0? When does the object
change directions?
(1) vt  s ′t  4− sin2t2  −8sin2t,
v0  0 m/s
v 

4  −8sin 2 
4  −8sin 

2  −8 m/s

(2) vt  0, − 8sin2t  0
2t  n  n, t  n

2 , n  0,1,2, . . . .

(3) When t  n
2 , n  0,1,2, . . . ,

st  4cos2t  4cos 2 n
2  4cosn  4

(4) The object changes directions whenever its velocity is 0 :
t  n

2 , n  0,1,2, . . . .
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