3.5 - Concavity
1. Concave up and concave down

For a function f that is differentiable on an interval I, the graph of fis

@ |Iffisconcave upon[a, b], then the secant line passing through points
(x1, f(x1)) and (x2, f(x2)) forany x; and x» in [a, b] are above the curve
y = f(x) between (x1, f(x1)) and (X2, f(x2)).

@ If fisconcave down on [a, b], then the secant line passing through
points (x1, f(x1)) and (x2, f(x2)) for any x; and x» in [a, b] are below
the curve y = f(x) between (x1, f(x1)) and (xz, f(x2)).

a concave up a concave down

Example: The graph of fis given below. Determine graphically the
interval on which fis

(1)concave up;
(2) concave up and decreasing.
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f(x)

(1) fis concave upon (1.8, 3.3).
(2) f is concave up and decreasing on (1.8, 2.5)

How can we determine algebraically where f is concave up and
where f is concave down?

Theorem: Suppose that f is differentiable on an interval (a,b). Then
the graph of f is

(a) concave up on (a,b), iff 'is increasing on (a,b) ; and

(b) concave down on (a,b), if f 'is decreasing on (a,b).

Or, suppose that f " exists on (a,b). The graph of fis
(a) concave up on (a,b), iff ”(x) > 0 forall xin (a,b);

(b) concave down on (a,b), if f ”(x) < O forall xin (a,b).

2. Inflection points:

Definition: Suppose that f is continuous on the interval (a, b). Letc
be in (a, b). Then the point (c, f(c)) is called an inflection point of f if
the graph of f changes concavity at the point (c, f(c)).

Note that: changes concavity at (c, f(c)) < f / changes from

increasing to decreasing at (c, f(c)) < f ! changes from positive to
negativeor from negative to positive at (c, f(c)).
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Qf ”(x) =0whenx=-2, x=0, x=1andx = 2. f "does not change
sign atx = 0. So, the x —coordinates of inflection points of f are x = -2,
Xx=1landx = 2.

Example: Let the graph of f "(x) be
given at right. Find

(1) the x —coordinate of each inflection
point of f;

(2) where the graph of f is concave up.

(2)f" >0for-2<x<0, 0<x<1 2<x<wandf <0for
-0 < X< -2,1<x<2. So, the graph of f is concave up on
(-2,0) U (0,1) U (2,0).




Example: Let the graph of f '(x)
be given at right. Find

(1) the x —coordinate of each
inflection point of f;

(2) where the graph of fis
concave up.
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f'(x)

f”(x) =0whenx =0.8, x=2.5 x=4.
f">0 (f "is increasing) for0 < x < 0.8, 2.5 < x < 4;
f'<0 (f 'is decreasing) for0.8 < x< 2.5, 4<x<5.

(1) So, x = 0.8, x = 2.5,x = 4 are the x —coordinates of inflection points.

(2) The graph of f is concave up on (0,0.8) U (2.5,4).

Example: Let f(x) = 2x3 + 9x? — 24x — 10. Find

(2) all inflection points of f;

(2) where the graph of fis concave up and is concave down.

Verify your answers by graphing both f and f "

(1i.) Compute f " '(x) = 6x2 + 18x — 24, f "(x) = 12x + 18 = 12(2x + 3)

(Lii) Solve f "(x) =0: 12(2x+3)=0 = x= —%.

. " . a _i _i
(%iii.) Check signs of f  over intervals: ( 0, ) ( 5 ,oo)

f'(-2) = 12(-1) <0 | interval (—oo,—%) <_%,oo)
£7(0) = 12(3) > 0 | sign of f " (x) - +

Since f " changes sign at the point where x = —%, (—% 7—9> is an
inflection point of f. The graph of f is concave up on (—%,003 and is
concave down on (—oo,—%). Verify the results with the graph of f.
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3. Second Derivative Test:

Theroem: Suppose that f " is continuos on the interval (a, b) and
f ’(c) =0, forsome cin (a, b).

@Iff ”(c) < 0, then f(c) is a local maximum and
(b) if f ”(c) > 0, then f(c) is a local minimum.

Example: The graph of f "is given below. Suppose that we know

f'(1)=0,f'(2) =0and f '(4) = 0. Determine if f(1), f(2) and f(4) are
local maximum, local minimum or neither.

A (1) >0andf' @) > 0,
/. \.| sof(1l)and f(4) are local maximum values.

) \ f”(2) < 0, f(2) is alocal minimum value.
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Example: Letf(x) = x +2(1 - x)**. Find

(1) the intervals of increase and decrease,;

(2) all local extrema;

(3) the intervals of concavity;

(4) all inflection points; and

(5) sketch the graph of f based on the information in a.-d.
The domain of f : (-0, o)

Compute f "and f

flo)=1-2@1-0P-1-—2__
3 3(1—x)?
f"x) = —%(1 O R —

93(1-x)°

Find critical numbers of f "
type (i): f (x) = 0

x=17 (%)3,x=1— /(%)3 ~ 0.4557, x = 1+ /(%)3 ~ 1.544

type (ii): f ’(x) is not defined : x = 1.
Determine the sign change of f "over
(—00,0.4557),(0.4557,1),(1,1.544),(1.544 ,0)

o =1-—2—--1¢(1)=1-—2— - 0058267
fly=1-—2__ - 2004,f@=-1-—2_ -1

33(-0.1)2 3f1? 3
interval | (—w0,0.4557) | (0.4557,1) | (1,1.544) | (1.544,0)

f /(x) + - - +
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Find where f ”(x) —0:-——4 __ :o.
94(1-x)°
Find where f ”(x) is not defined: x =1
Determine the sign change of f "over intervals: (-o0,1) and (1,)

f//(o) _ 4 <0
94(1)° interval | (—0,1) | (1,0)
f'"Q)=-—2D 50 f'x - +

9y(-1)°

State the results:

(1) fis increasing on (-, 0.4557), (1.544,) and is decreasing on
(0.4557,1),(1,1.544).

(2) By the first derivative test, f(0.4557) = 2.0887 is a local maximum
and f(1.544) = —0.0887 is a local minimum.

(3) fis concave up on (1,») and is concave down on (-, 1).

(4) f changes concavity at x = 1 and x = 1 is in the domain of f so it is
an inflection point of f .
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(5) Sketch the graph of f based
on the information in a.-d ' ?
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Example: Letf(x) = e*cosx. Find
(1) the intervals of increase and decrease;
(2) all local extrema,;
(3) the intervals of concavity;
(4) all inflection points; and
(5) sketch the graph of f based on the information in a.-d.
The domain of f : Df = (—o, )
Compute f "and £
f ’(x) = —e7¥COoSX —e~*sinx = —e*(CcosX + sinx)
f ”(x) = e*(cosX + sinx) — e *(—sinX + cosXx) = 2e7*sinx
Find critical numbers of f '
type ():f '(x) = 0
—e*(cosx +sinx) = 0, cosx +sinx = 0, sinx = —cosx, tanx = -1
=01 2 ...

type (ii): f'(x) is not defined: None.

Determine the sign change of f ' over
97  5m __) (_l 37r> 3 In 77r 1171')
4 l 4 H i) H 4 i)
f'(-2n) = e cos(—27r) —e% >0, f (-x) = e7cos(-x) = 0 =-e" <0

f'0)=1,f'(r) = e7cos(x) = - <0, f (2r) = e27cos(2x) = 2% > (

kS 4)( )(” 5”)(5”

9% _5n
4 4
sign of f ’ +

interval

Find where f ”(x) =0:2e*sinx=0,x=+n7r,n=0,1,2,...

Find where f ”(x) is not defined: None.

Determine the sign change of f ”(x) = 2e~*sinx over intervals:
..(-2r,-n),(-r,0),(0,7),(x,21), ...

i —§7r> = 2e3”’23in<—%7r> >0, f —ln> = 2e”’25in<—%n> <0

X = —% +nm, n 5 5
13 14
" l _ -7t/2 o L " i _ /2 o i v 4
f (271) 2e sm<27r>>0,f (271) 2e sm<27r><0 b o )
interval (-2n,-n) | (-=,0) | (0,7) | (,2r) s
sign of f ! + - + - . |
State the results: 5 / 0 5
is | i _9_7r _5n z 3nY (5z 9r
() fis increasing on ... ( R ) ( 44 ) |
(2) f(c) is a local maximum for C= _%’ 3T Tﬂ
f(c) is a local minimum forc =... — % %T i,
(3) fis concave up on ... (-2%,-n),(0,7), ...
and is concave downon ...(-x,0), (x,27)...
(4) Inflection points of f are: +nn
(5) Sketch the graph of f based on the information in (1)-(4)
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Example: Sketch a graph of a function with the given properties:

(i) f(0) =2
(i) f'(x) >0, forallx; f (0)=1
Gii) f "(x) > 0 forx > 0,

f'(x) <0forx<0, f"'(0)=0

Example: Sketch a graph of a function with the given properties:

(i) f(0)=0, f(-1) =1, f(1) =1

(ii)f/(x)>0, forx <-land 0 < x < 1,
f'x)<0for —1<x<0andx > 1; /

(iii)f”(x)<0forx<0andx>0
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