The Cross Product - (10.4)

Questions:
@ \What is the definition of the cross product of two vectors? Is it a scalar or vector?

@ What can you say about vectors U and V (all possibilities) if the cross product of these two vectors is a
zero vector?

1. Determinant of a Matrix
A 2 x 2 matrix and 3 x 3 matrix of real numbers are of the forms:

din a2 ais
din am ]
and | ax; axm axs |, respectively.
d21 ax
da; dz2 a3
The determinant of a 2 x 2 matrix of real numbers is defined by

dir ar
= djidp2 —djdoi,

dz1 Az
and the determinant of a 3 x 3 matrix of real numbers is defined by

di1 ade dis
dx az3 dp1 ax

az ax» axs | =an

ds2 4as3 d31 as2

d31 dz2 ds3

a0 a di1 a2 ais
. 22 23 . . .
Note that the matrix is obtained from | a,; ax» as by deleting the 1st row and
ds2 asz
dz1 Az Aasz
dix diz ais
dz1 Az

the 1st column,
ds31 dss

]is obtained from | a,; ax» a3 | by deleting the 1st row and the
ds1 Az ass

di1 a2 di3

ax a . . :
A ez :|IS obtained from | a,; ax» as by deleting the 1st row and the

2nd column, and
ds31 as»

ds1 dz2 ds3
3rd column.

-1 0 2
-2
Example Evaluate the determinants A ,and| 5 -4 3
-6 0 -8
=@ (23 = -2 > |- 40+18- —2
-3 4 | -6 -8
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10 2
5 4 3 |=(-1)(-2)-0+2(-22) = —42
6 0 -8

2. The Cross Product
LetU = (ug,up,ug), and V = (v1,Vo,V3). Then the cross product of U and V are defined by

- - P
i j k
N u Us |» up us |» up uz |=»
UXV =1 u; U U3 = | — K.
Vo2 V3 Vi V3 Vi V2
Vi V2 V3

- o

Example LetUd = (1,-2,3)andV = (4,1,2). Compute W = U x V and check W - U and W - V.

e T x ¥ ;12: 23n 3t P Ik
X _ — _
1 2 4 2 4 1
4 1 2

— (~4-3)i - (2-12)] + (L + 8)K = —7i + 10§ + 9k
w-d =(7I+10j+9k> C 2J+3k)_(7)+(20)+27_o
\7’V-V=(—7|+10]+9k)-<4|+]+2k)=(—28)+10+18=0

Note that W is orthogonal to both U and V and therefore it is orthogonal to the plane formed by vectors
dandV.

3. Properties of the Cross Product
Let U, V and W be vectors in V3 and ¢ be a scalar. Then

a Uxu=0
b. UxV=—-VxU)
- — — — - - —
C. Ux(V+W)=UxV+UxW
— - — — — - —
d (U+V)XxW=UXW+VXW
e. (ci)xV =c(lxV)=1Ux(cV)
- N N - -
f.Oxu=ux0=0
g. U-(VxW)=@WxV) -W
h.

— — — = o\ s
Ux (Vxw)=(U-W)V—-(U-V)W
td = (U1, Uz2,U3), V = (V1,V2,V3), and W = (W1, W2, W3).



U (VxW) =(uy,UzUsde| v; vy, Vs

W1 Wy W3
Vo V3 Vi V3 |» Vi V2 |2
= (U1, U2,U3) * - k
W2 W3 W1 W3 Wi W

= U1(V2W3 — V3W2) — U2(V1W3 — V3W1) + U3(V1W2 — V2W1)

u Us |» us Us

=

]+

U1 U2

Vo V3 Vi1 V3

= W1(U2V3 — VaU3) —W2(U1V3 — U3V1) + W3 (U1V2 — U2V1)
Vi Vo
Remarks:

= ( k) « (W1,W2,W3)
@ For any vector U and Vin V3, U x V is orthogonal to both t and V.

= UxV) W
@ IfU = ¢V, then U x V is orthogonal to the plane formed by U and V and it satisfies the right-hand
rule: If you align the fingers of your right hand along the vector U and bend your fingers around
in the direction of rotation from U toward V, your thumb will point in the direction of U x V.

- - - g
@ Two nonzero vectors U and V in V3 are parallel if and only if U x V = 0.

Example Compute (1) 1x] (2)ixk (3)(TXR)XR (4)7-(&@)

Since 1, T K are orthogonal, we can use the right-hand rule to determine these cross or dot products.

Example Find two unit vectors orthogonal to the vectors U = 37—])+ Q, andV = 4T+ K.

—

We know that U x V is orthogonal to G and V and + 1 __ { x Vare two unit vectors.

[ < V|
77k
11pb |31k [3-1] - o -
Uxv=|3 _ - i - ' K = 51 — 3] + 12k
-1 4 1 01 0 4 .
0 4 1

0 x V|| = J(-5)% + (-3)? + 122 = /178

W (g, - (-5 i)



4. The Magnitude of U x V
Here is a relation of the magnitude ||U x V||of U x V and the magnitudes ||t|| and ||V | of U and V.

Theorem Let € be the angle between nonzero vectors U and V. Then
I[d < V|| = |[d]| V]| sine.
Proof
0 x V|2 = @xV) - @xV) "2 [ @xV)xt |- [ Ux@xv) ]-9
h.
P [ @-E- @Y ]V
= (@ - V@V - @-HEF - V) = [[BI* VI]* - @ -9
2 2 2 2 2 2
= |[G1° IIVII™ = I[dII°V]]“ cos?@ = [[]|"|IV|" (1 — cos?6)
= [[d]I*|IV||?sin20

Since0 <0 < 7z, sin® > 0and 4/sin%0 = sind. So,

[ x V|| = [[d]| [V]|sine.
Remarks:
@ \We can use this formula to compute siné or 6 :
sing = M
[Iml

However, we need to identify if 6 is in the first or the second quadrant since the right-side of
the formula is positive.

@ The area of a parallelogram that is formed by the vectors U and V when they are not parallel is

1 — — . — — ”U X v” -5 o
A =2( bh) = ]| V]| sin6 = |[u]| ”V”(ﬁ = [[ux V||
(2 ) [[al] V]I
Hence, we can compute the area of a parallelogram without finding first the angle between U and
V.

We can also use this formula to find a formula for computing the distance from a given point to a
given line. Let U and V be nonzero vectors and 0 be the angle between G and V. Then the distance

d from the end point of U to the vector V is:

Lo dl| |[V]| sin@ UxV
d — [l sing = JEILIVIL sino_ | x ¥
[IVI] [IVI]
Now consider a parallelepiped and let its three adjacent edges be U, V and W. Then the volume

of this solid is the area of the parallelogram formed by U and V times the altitude which is

| W] sind | = | compg,g W|
W - (U x V)|
Volume = [[d x V|| | compg W| = |[d x V|| TR W - (U x V)|
X

Example Letd = (1,-2,3), V = (-4,1,2)and W = (2,-1,2).

(1) Determine the angle between U and V.



(2) Find the area of the parallelogram with two adjacent sides formed by the vectors
U=(1,-2,3), and V = (-4,1,2).
(3) Find the volume of the parallelepiped with three adjacent sides formed byd, V and w.

- - -

UxVv 1| ngk 235 13T+1_2E 7i— 14) - 7k
XV = _ = — = — 1] — _
1 2 4 2 4 1
41 2

[T x V|| = J(=7)2 + (-14)% + (-7)® =76 = 17.14643
Ul = [T+ (27432 = VT4, [Vl = J(47+ 12+ 2% = /21

(1)
BxV 746 . o
= — = =1 6=% (U-v=0)
@il vl J14yJ21 2
(2)
Area of the parallelogram = |[U x V|| = 17. 14643.
3)

We@UxV)=(2,-12)(-7,-14,-7) = 14+ 14 - 14 = -14
Volume of the parallelepiped = |-14| = 14

Example Find the distance from the point Q(1,2,1) to the line through the points P(2,1,-3) and

R(2,-1,3).
PQ = (-1,1,4), PR = (0,-2,6),
77 Ok
o 1 4b | 14b |11 |- = o o
POxPR=| _ = i— i + k = 14i + 6] + 2k
Q 11 4 P 0 6 J 0 o J
0 -2 6

HPQXPRH V14°46°+2° _ 5 4rg992

||PR|| J0+(2) 1 62

Example If we apply a force of magnitude 20 pounds at the end of a 15-inch-long wrench, at an
angle of % to the wrench, find the magnitude of the torque applied to the bolt. What is the

maximum torque that a force of 20 pounds applied at that point can produce?

15 inches = feet
IZ| = HFHIIT’Ilsm@ 20(38)sin(£) = Z = 12.5 foot-pounds

When 6 = £, sing = 1and | 7| = 20(&) = 25 foot-pounds



