Gaussian Elimination - (3.1)

Consider solving a given system of n linear equations in n unknowns:
d11X1 + d12X2 +...+aA1nXn = b1

(*) :
an]_X]_ + an2X2 +... +anan - bn

where ajj and b; are constants and x; are unknowns. Let

aix a2 -+ A b1 X1

ap Az -+ am N b, N X2 N
A= : : : : = [aij]i’jzl, b= : = [bi]i:1 and x = : = [Xj]jzl'

dp1 dp2 -+ amn bn Xn

Then the system (*) in matrix and vector notations is

Ax = b.
We know from linear algebra that the system Ax = b may have a unique solution, infinitely many solutions or
no solution. A system is said to be consistent if it has a solution. A system that has no solution is said to be
inconsistent. The system has a unique solution if and only if the matrix A is nonsingular (invertible, i.e., A~
exists) and the corresponding solution is: x* = A~tb. In this section, we study how to determine
systematically if a given matrix A is invertible and how to find the solution when it is unique.

Idea: If A is an upper triangular matrix, then A is nonsingular and Ax = b has a unique solution if aj = 0
fori = 1,...,n. On the other hand, if a; = 0 for some i, then Ax = b does not have a unique solution. How
can we reduce A to an upper triangular matrix without the solution? We can use elementary row operations
to reduce A to an upper triangular matrix U and the corresponding system Ux = b is equivalent to the system
Ax = b, that is, both systems have the same solution set.

LetA = [ A Db } be the augmented matrix of a given system of linear equations Ax = b.

1. Elementary Row Operations:
LetR1, Ry,..., Ry berows of A.
Row operations:

(a) cR; (b) Ri +R; (c) caRi+c2R;  (d) Ri < R;j
Elementary Row Operations:
(1) Ri < R; (2) cRi - R; (3) Ri + CRj - R;
An elementary row operation is a row operation but a row operation may not be an elementary row
operation mainly because of the difference in (2) and (c). An elementary row operation for [ A b }

does not change the solution set of a linear system Ax = b. That is if
[ A Db } Flementary ro operation [ B b } then Ax = b and Bx = b have the same solution set.

Example LetRlz[ 123 } RZ:[ -4 5 -6 }

a 4Ri+R;>R;:Ri=[ 123 | Re=[0136]

b. 4Ri+R2~Ri:Ri=[ 0136 || Ro=[ 45 6 |

Computational complexity of elementary row operations: number of multiplications (1 division is
counted as 1 multiplication) and number of additions required:
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elementary row operation | number of multiplications | number of additions
Ri < Rj 0 0
cRi - R; n 0
Ri +CRj = R;j n n-1

2. Gaussian-elimination:

Gaussian-elimination is a process of reducing a matrix to an upper triangular matrix for a square
matrix or a generalized upper triangular matrix for a rectangular matrix by elementary row operations.

For example:
a1 ar am b1 b1z b3 ail app amz aum
a1 ax» ax» |~ | 0 by Db or Az aAx a3 ax
as Az ass 0 0  bss as Az as3 am

bi1 b1z b1z b
-1 0 by by b
0 O bz bz

The process should be done with using the minimum number of multiplications.

Elimination process:

. R
Consider two rows:[ Rl ] =
2

element a,q, that is we want the matrix to become the form of

|: di1 de diz aius

dp1 d2 d3 dxu

* ok ok ok

0 *x x x

. Suppose that we want to eliminate the

]. How many elementary

row operations are needed and what is the number of multipliceﬁions required? In the case when ai; = 0,

only one elementary row operation is needed:

_an )
aL R1 + Rz - Rz
and the number of multiplications is 4 for
__ an
C= am Caiz, Cais, Cais

Gaussian-elimination:

Start at the first column if a;; # 0 and eliminate all elements below a;; using elementary row operations
~8LRi+Ri >Ry, i=23,...n.

Continue the process for the 2nd column, the 3rd column 3, ..., the (n — 1)th column. If for some
1<i<n-1, a; =0, thenfind a; = 0 forj > i and switch R; « R;. If such a a;; does not exist, then
the process is broken down. If A is nonsingular, then the matrix can be triangularized without a break
down (without considering the round off error.) What are the numbers of multiplications and additions

needed?
Computational complexity of Gaussian elimination for an n x (n + 1) matrix:
ith column | elementary row operation | multiplications | additions
1 n-1 (n=-1)(n+1) (n—=1)n
2 n-2 (n=2)n (n-2)(n-1)
n-1 1 (1)3 (1)2




The total number of multiplications:

n-1 n-1
iZz;(i)(nz) =§(i2+2i) - n@0-brl) 0D Lpe_ Sp. Ly

6 2 2 6

The total number of additions:

n-1 n-1
. B o, (M=-Dn@20nh-1)+1) M-Ln 1 5 1
izzlz(u)(wl)_;(uﬂ)_ 5 L
the numbers of multiplications Lp2_5p4 1ps
Hence, we have 2 6 3
the numbers of additions %n3 - %n

. Solving Systems of Linear Equations By Gaussian-elimination:

Backward-substitution:
Let U = [uj]}

be an upper triangular matrix, i.e., uj; = 0 whenever i > j. Consider solving the

system of linear eajl];tions:
Uiz Uiz Uis Uin-1) U1n X1 b,
0 ux uxz U2(n-1) U2n X2 b2
Ux =b, whereU = s : : X = b = :
0 0 O Un-1y(n-1) Un-1)n Xn-1 bn-1
0O 0 O 0 Unn R B bn ]

Note that the matrix U is nonsingular if and only if u; # 0 fori = 1,...,n. Assume that U is
nonsingular. Note that the nth equation: unnX, = b, contains only one unknown x, and it can be solved
easily:

Xn = l-?nnn .
Now replace x, by l?n“n in the first n — 1 equations in the system and then the (n — 1)th equations:

b
Un-1)(n-1)Xn-1 + Un-1)n (u—r?n = bnt
contains only one unknown x,_; and it can be solved easily:

1 _ bn_
Un-1)(n-1) (b”‘l u(”‘””( Unn ))

Xn-1 =

Continue the process to compute Xp—2, Xn-3,...,X2, X1. Compute x, = l?n”n , and for
i=n-1,n-2,...,2,1,
Xi = UL“(bi = Uigi+1)Xist — Uigr2)Xiz2 = .. —UinXn).

What are the numbers of multiplications and additions needed? Let us count the following



i multiplications | additions

n 1 0 From the table at the left, we have

n-1 2 1 the numbers of multiplications | 1 + 2 +...+n = %
n—2 3 2 n
: : : the numbers of additions 142+..+n-1= %
1 n-1+1=n n-1

Gaussian elimination with backward substitution for solving Ax = b :
Step | Gaussian-elimination: [ A b } - [ Uob }
The system does not have a unique solution if the elimination process breaks down.
Step Il Backward-substitution: u; = 0 fori = 1,...,n.

Compute Xn = l?_r:] andfori=n-1,n-2,...,2,1,

Xj = UL“(Bi — Uigi+1)Xi+1 — UiG+2)Xis2 — .. —UinXn ).
123 12 3 1
Example LetAi=| 456 |, A2=| 45 6 | b=| 1 [andb=]| 1
789 7 8 10 1 -1

Determine if Axx = b, A1x =b and A,x = b have a unique solution, infinitely many
solutions or no solution. Find the solution or the general solution if the system is consistent.

(1) Aixx=Db:
1231 1 2 3 1 1 2 3 1
stepl [ A b |=| 4561 | 0 3 6 3 |V 0 3 6 -3
(=7)R1+R3-R3
7891 0 6 -12 -6 0 0 0 O
A1x = b is consistent and has infinitely many solutions.
Step Il Solve the general solution: xs is free, let x3 = t, a real number
X2 = (_—13)(—3—(—6)0 —1-2t “1+t
, the general solution: x* = 1-2t |, tisareal
xl—%(1—2(1—2t)—3(t))=—1+t )
number.
MatLab: >>A=[123;456;7 8 9]; b=[1;1;1]; B=[A b];
>>rref(B)
>>10-1-1
0121
0000
(i) Aix=b :
1231 1 2 3 1 1 2 3 1
Step | [ AL D :|: 456 1 (“HR1+Rz-Ry 0 -3 -6 -3 (-2)RzRs—R3 0 -3 -6 -3
(=7)R1+R3-R3
789 -1 0 -6 -12 -8 0O 0 0 -2

A1x = b has no solution because the last equation: Ox; + Ox, + Ox3 = —2 can never hold.
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MatLab: >>A=[12 3;456;7 8 9]; b=[1;1;-1]; B=[A b];

>>rref(B)
>>10-10
0120
0001
(i) Ax=Db:
12 31 1 2 3 1 1 2 3 1
—4)R1+R2-R —2)R,+R3—R
stepl [ A, b |=| 45 6 1 | "5 03 6 3 | 0 3 6 -3
(77)R1+R3%R3
7 8 10 1 0 6 -11 -6 00 1 O
Aox = b is consistent and has a unique solution.
Step Il Solve the solution:
( 0
X3 =7 = 1
< Xe= gy(3-(-6)(0) =1, the solution: x* = | 1
x = La-2(1)-30)) = 1 °
12 3 -1 1
Check: A)x*=| 4 5 6 1 = 1 =b
7 8 10 0 1

Use MatLab: >>A=[1 2 3;4 5 6;7 8 10]; b=[1;1;1]; x=inv(A)*b

1 2 3
Example Findtheinverseof A=| 4 5 6 if it exists using Gaussian Elimination and backward
7 8 10
substitution.
10
LetC=A*1=[ Ci C» Cs ].WeknowthatAC:lgz 010 | Since
01

100
AC:[A(:l AC, ACs }= 010
001
0 0
2 = 1 and AC3 = 0
B —

1

B can be obtained by solving systems: AC; =| 0 |, AC
0

Step I: Gaussian Elimination for[ AN P }—»[ U B }



123100 12 3 100
(-4)R14R2-R>
[A|3}= 456 010 N 0-3 6 -410

(=7)R1+R3-R3

781000 1 0 6 11 -7 0 1
12 3 1 00
—2)Ro+R3—R
PReR=Re | g 3§ 4 1 0 =[u513253}

001 1 21

Step Il: Backward Substitution: solve UC; = B1, UC, = B, UC3 = Bs.
4

B 7] X3 =1 2
S e X = (-4 (-6)(1) =-2 - :
0 -3 -6 -4 |\< 77 (=3 E , the solution: By = | -2

L0011 ]| x-d@-2t3)-aw) -3 1

.
12 3 0 | (%= -2 _4
__1 _1n s
0 -3 -6 1 |[< X2 = (-3) A-6)(=2) =+ , the solution: B, = %
[ 00 1 2 ] | x=d(o-2(4)-32) =4 2
.

[ 12 30 X3:11 1
0 -3 60 | X2 = (=3) 0-(6)1)) =-2  thesolution: By = | -2

| 00 11 X = $0-2(-2)-3(1) =1 1

3 -4 1
Al=B=| -2 L
1 -2 1
12 3 -£ -3 1 100
Check: AB=| 4 5 6 -£ 4L 2 =1 010
7 8 10 1 -2 1 0 01



