LU Decomposition (Factorization) - (3.5)

Let L be a lower triangular matrix with 1’s on its diagonal and U be an upper triangular matrix. For a
given n x n matrix A, if a pair of L and U can be found such that A = LU, then L and U are called LU
decomposition or factorization of A. Can we always find L and U for a given A? If so, how?

1. Elementary matrices:

The matrix E is said to be an elementary matrix if B = EA where B is reduced from A by one elementary
row operation.

Recall three Elementary Row Operations:
(1) Ri « Rj (2) cRi = R;j (3) CRi + Rj - Rj
Let I be the n x n identity matrix. Define E)(i, j) as the matrix that is obtained from I by exchanging the

ith row and jth row. Define E@) (i) as the matrix that is obtained from I by multiplying the ith row by c.
Define E®)(i,j) as the matrix that is obtained from | by replacing the (j, i)th element by c. Then

B = EA
for each of three elementary row operations.
12 3
Example LetA=| 4 5 6
7 8 10
7 8 10 001 |
WAMSTB=| 45 6 | ItE®@L3)=| 0 1 0 |, thenEW(1,3)A =B.
12 100
1 2 3 100 |
QOAFSB=| 8 10 12 |, ItE®@2)=| 0 2 0 |, then E®@(2)A = B.
7 8 10 001
1 2 3
(3)A—7R1Jﬁ)3—>R3 —4R1J£)3—>R3 Bz _ 0 -3 -6 ’
0 -6 -11 0 -6 -11
100 100
letE®(L,3)=| 0 1 0 |andletE®L,2)=| -4 1 0 | thenE®(1,3)E®(L,2)A = B,.
70 1 0 01
100
Note that E®)(1,3)E®(1,2) = | -4 1 0
701

2. Gaussian Elimination with only Elementary Row Operations Type 111:

Suppose A R U by m elementary row operations type Il where j > i. Let E(i,j) fori < j be the

elementary matrix for the elementary row operation cR; + Rj - R;. Then
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E®(n-1,n)---E®(1,2)A = U,
and A = (E(n—1,n)---E(1,2)) U = E(1,2)*E(1,3)*---E(n — 1,n)*U. Note that
a. E®(i,j)" is again an elementary matrix for the elementary row operation (-c)R; + Rj - R;j. For

example,
1 00 100
E®@,2)=| -410 |\EL2)* =] 410
0 01 001

b. E®)(i,j)’s are lower triangular matrices with 1’s on its diagonal and therefore,
E®(-1,n)---E®(1,2) and E®(1,2) *E®(1,3)*---E®(n—1,n)* are lower triangular matrices
with 1’s on its diagonal.

LetL = E®(1,2)'E®(1,3) - E®(n-1,n)"". We have A = LU.

12 3
Example LetA=| 4 5 6 |. Find LU decomposition of A.
7 8 10
12 3 1 2 3 1 2 3
RecallA=| 45 ¢ | "5 g 3 5 | 9 3 6 |=uU
(=7)R1+R3-R3
7 8 10 0 6 -11 0 0 1
1 00 1 00 1 00
E®1,2)=| -4 1 0 | E®(Q3) = 0 10 |andE®2,3)=| 0 1 0
0 01 -7 01 0 21
100
ThenL = E®2,3)'E®(1,3)'E®1,2)*=| 4 1 0 |. ThenA = LU. Check:
721
100 1 2 3 12 3
LU=| 410 0 -3 -6 [=| 456
721 0 0 1 7 8 10

. Gaussian Elimination with Elementary Row Operations Type | and 111:
Let E®(i,j) be the elementary matrix for the elementary row operation R; < Rj. Note that
EDG, )™ = ED(,j). Suppose that
E®M-1,nED (N -1,n)--E®(L,2)ED(L,2)A = U.
Then A = (E®(n—1,nE® (N —1,n)---E®(1,2)ED(L,2)) "U. LetP = E®(n—1,n)---E®(L,2) and
L=PE®DN-1nEDN-1,n)-E®(,2)EDL,2))™"
Then PA = LU.



012

Example LetA=| 3 4 5 |[. Find either LU factorization of A or PA.
6 7 9
012 345 3 4 5 345
A=| 345 [P 012 | 01 2 |FR 012 |=U
6 7 9 6 7 9 0 -1 -1 001
010 1 00 100
ED@,2)=| 100 | E®@3) = 010 [\E®23)=| 010
001 201 011
010 100
EOL2) =] 100 |[\E®W3)'=| 010 | E®23)"-
001 2 01

LetP = E®(1,2), and L = ED(1,2)ED(1,2)E®(1,3)E®(2,3) ! =

10 345 345
LUu=| o 1 012 |=]| 012
2 11 00 1 67 9
010 01 2
PA=| 100 345 |-=
00 1 67 9

4. Solving Systems Ax = b when A = LU or PA = LU:

a. A=LU.

triangular matrix, Ly = b can be solved by the forward substitution:

Ly=b <

1
I21

31

Inl

0
1

32

In2

0
0
1

|n3

0
0
0

Y1
Y2

Yn-1
Yn

Ly =b
Then Ax = b can be solved by solving the following two systems: { Uy
X

=Yy

(oJ1
b
bn—l
bn

. Because L is a lower




Y1 = b1
y2 = b2 —lay:
Y3 = bz —la1y1 — la2y2

Yn = bn — (Inlyl + |n2y2 +.. -+|n(n—1)yn—1)-
Then solve Ux = y for x by the backward substitution: assuming uji # 0 fori=1,...,n

Uz Uiz Uiz -+ Uin-1) Uin X1 — -
Y1
0 Uz Uz -+ Uy Uzn X2
2
0 0 wuss -+ Usp Usn X3 y
Ux=y < ) : -
Yn-1
Un-1)(n-1) Um-1)n Xn-1
Yn
O Unn | Xn ] — -
_ Yn
Xn = Unn
Xp-1 = m()/n—l - U(n—l)nxn)
Xn2 = m()/n—z — Un=2)(n-1)Xn-1 — U(n-2)nXn)
X1 = u—:h(h — U12X2 — U13X3 — +=+ — U1nXn).
What are the number of multiplications and additions for solving LUx = b?
y X total
$,0 [1+2+--4+n—-1= w 142+---4n= w (n—21)n + n(n2+1) = n?
+—|14+2+--+n-1= w 142+ +n-1= (n—21)n 2 (n—21)n =nZ-n

b. PA=LU:

Observe that Ax = b < PAx = Pb = b. So, we solve x by solving the system: LUx = b in two
steps as described in a. above.

5. LU factorization for symmetric matrices:
A square matrix A is symmetric if AT = A (elements in the ith row are the same as the ones in the jth
column). Let A be a symmetric matrix and A = LU. Since AT = (LU)" = UTLT = LU, L and U should
be related in some way. Let D be a diagonal matrix whose diagonal elements are diagonal elements of
uU: Ui1,U22 ..., Unn. Then
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NowA =LDU=AT=U'DLTsoU' =LorU=LT. When A symmetric, then A = LDLT or
PA = LDLT.

Steps to solve Ax = bwhen A = LDLT :
Ax=LDL'X=b < L (DL™X)=Db

H_I
y

DLTX=y < LTx=D1ly =y
a. Solve Ly = b for y by a forward substitution.
b. Compute y = D-ly.
c. Solve LTx = V for x by a backward substitution.

123
Example LetA=| 2 4 5 |. (1)FindLandDsuchthatA = LDL" or PA = LDLT. (2) Solve
356
1
Ax = Db, whereb = | -1
1
123 1 2 3 1 2 3
WA=| 245 | 90 1 [F2F 04 3 |[=uU
(-3)R1+R3—R3
356 0 -1 -3 0 0 -1
100 1 00 1 00
EO23)=| o001 [,E®®L2)=| 210 [LE®Q3)=| 0 10
010 0 01 -3 01
E®(2,3) E®(1,2)E®(1,2)A = U
100 100 100
L =EDQ2,3)ED2,3)E®L3NEG@,2) =] 00 1 210 001 |=
010 301 010



100

310
2 01
LetP = E®(2,3). Then
PA=LU =
100 1 2 3 100 1 0 O 123
310 0 -1 -3 =] 310 0 -1 0 013 = LDLT
2 01 0 0 -1 2 01 0O 0 -1 0 01
1
(2) Solve Ax = b : PAx = Pb = 1 = b. Now we solve LDLx = b.
-1
a. SolveLy =bfory :
100 Y1 1 y1 =1 1
310 Y2 = 1 , Y2 =1-31)=-2 .y=| =2
201 Vs -1 ys = -1-2(1) = -3 -3
100 | 1 10 0 1
b. Compute y =Dly=| 0 -1 0 -2 |=]1 0-10 -2
0O 0 -1 -3 0 0 -1 -3
c. Solve LTx = y for x by a backward substitution.
1 2 3 X1 1 X3 =3 6
013 X2 = 2 |, X2=2-3Q3)=-7 , X = -7
001 X3 3 x1=1-(2)(-7)=3@3) = x4 =6 3
123 6 1
Check: Ax =] 2 4 5 —7 = -1 =h.
356 3 1



