Iterative Techniques for Solving Ax = b - (3.8)

Consider solving linear systems of them form: Ax = b where A = [ajj], ., X = [Xi] s B = [0Bi] -
Assume that the system has a unique solution. Let x* be the solution. Then x* = A~1b.

1. Jacobi and Gauss-Seidel Methods:
Let A = D—-L - U where D =diag<{aii}, L = [l;;], a lower triangular matrix where l;; = a;j for
i > J, and U = [uj;] an upper triangular matrix where uj; = a;; fori < j.

-1 2 -3
Example A=| 4 -5 6 . Then
-7 8 10
-1 0 O 0 0 O 0 -2 3
D= 0 50 , L= 40 0 |[,U=|] 00 -6
0 0 10 7 80 00 O

Assume ajj # Ofori=1,....n. Ax=b = (D-L-U)x=0D0
a. Jacobi’s Method:
Dx—(L+U)x=b=x=D?L+U)x+Db
x® = DL+ U)x*&D + D1h
b. Gauss-Seidel Method:
(D-L)x-Ux=b= (D-L)Ux+(D-L)"b
x® = (D-L)ux®D +(D-L)"b
c. Successive Over-Relaxation (SOR) Methods:
Consider Ax = b

oAX =ob © o(D-L-U)=0wb & D-D+ 0D -oL -oU = wb
(D-oL)x = ((1-w)D+oU)Xx+wb
X =(D-owLl)?((1-w)D+oU)X+wD-oL)b
Choose o so that (D — wL) is invertible and p(T(w)) is as small as possible.

When @ > 1, the method is called SOR method; when 0 < @ < 1, the method is called successive

under-relaxation method.

4 -1 1 1
Example Solve the system of linear equations Ax = bwhereA=| -1 5 -1 J|andb= 2
1 -1 7 3

by Jacobi, Gauss-Seidel and SOR method using o = 1.2.
MatLab file: ex_Jacobi_GS SOR.m



2. Convergence of Jacobi, Gauss-Seidel and SOR Methods:
Consider the iterative methods of the form:

x© = TxkD 4 ¢
where T is an n x n matrix and c is n x 1 vector. For Jacobi Method:

TJac = Dil(l_+ U), CJac = Dilb;
for Gauss-Seidel Method:

Tes = (D-L)MU, ces =(D-L)*b
and for SOR methods:

Tsor = (D-wL)H((1-w)D+wU), csor = o(D-wlL)™ b
Questions:

a. Under what condition(s), x® — x; and
b. under what condition(s), x® - x* = A-1b?

Lemma If p(T) < 1, then (1 - T) ™ exists and

I-T) = 1+T+T2+..= ) TI
j=0
Proof: Since p(T) < 1, all eigenvalues of T are less than 1. So, zero is not an eigenvalue of I — T and
therefore, | — T is invertible and (I — T)* exists. Let Sy = jr:)lT I. Then

S = l+T+T %+ . +T™ TS =T+T %+ .+7T"

Sn=TSm=1-T" (1-T)Sm=1-T", Su=0-T)Q-T™).
Since p(T) <1, lime,T . Onxn-

limSy = lim(-T) ™ -T"(1-T)™.

Theorem 1. Forany xX@inR", {x®} converges if and only if p(T) < 1.
Proof: Observe that

Xx® = TxkD 4 ¢ = T(Tx®D +¢)+¢ = Tx&D + Te + ¢
=T %O 4 (T T k_2+...+T+I>C
. ® _ i k 0) k-1 k-2 _ . -1
limx LLrOrO](T x© 4 (T +T P 4T+ |)c) (1-T)"c
So, if p(T) < 1, x®) - (1-T)"c.

Is (1-T)*c = Ab? Observe the following:
Jacobi Method:
(1= Taac) YCrac = (I1-DHL+U))™* Db = (DU -DHL+U))) b

—(D-L-U)b=Atb=x*
Gauss-Seidel Method:



(1-Tes) *ees = (I-(O-L)W) ' O-L) b= (O-L)(-(D-L)"U))b
- (D-L-U)'b=Ab=x*
SOR Methods:
(1= Tsor) ‘esor = (I- (D-wL) (1 -w)D + a)U))‘lw(D —wL)b
—(D-o0L-((1-0)D+0U))(D-oL)o(D-oL)’b
= (@(D-L-U))ob = 2Ateb = Alh.

Hence, if {x®} converges then it converges to x*.
Under what condition(s), p(Tiac) < 1, p(Tes) < Land p(Tsor) < 1?

Definition Ann x n matrix A = [a;] is said to be strictly diagonal dominant if |aii| > Zi¢j|aij| for all

i=1,...,n
4 -1 -1 2 -1 0
Example Ay =| -1 4 -1 |, A= -1 2 -1
-1 -1 4 0 -1 2

A1 is strictly diagonal dominant but A; is not.

Theorem 2. If A is strictly diagonal dominant, then for any choice of x©, both the Jacobi and
Gauss-Seidel methods converge.

We will show that if A is strictly diagonal dominant, then (1) p(Tjac) < 1 and (2) p(Tes) < 1.
(1) Show p(Tjac) < 1 by showing that ||Tjac|| < 1. Since Ais strictly diagonal dominant, for 1 <i <n,

n
il > Y Jag| = 1> —— Z Jaij|

J#i JE2

Tiac = DYL+U), |[Toacll, = max _|a | E laij| < 1.
<i<n |dii
j#i

P(Taac) < [[Taacl,, < 1
(2) Show p(Tss) < 1by showing that all eigenvalue Ajs of Tgs are less than 1 and then clearly,
p(Tes) = max {|4i[} < 1.
<1<n

Recall that Tes = (D —L)"U. Let (4, x) be an eigenpair of Tes where x in R", ||X||,, = 1. Then
Tesx = AX & (D-L)Ux = Ix & Ux = A(D - L)x

Suppose that [xp| = 1 for some 1 < p < n. First let us assume that p = 1, that s, [x1] = 1 and |xj| < 1 for
I = 2,...,n. Observe that the first row of the equation: Ux = A(D — L)x:
a12X2 +...+a1nXn = Ad1X1.
Then
|/1&11X1| =|: |/’L||a11| = |&12X2 +.. .+a1an| < |3.12X2| +.. .+|3.1an|

= |8.12||X2| +.. .+|a1n||xn| < |6112| +.. .+|a1n|



and

|&12| +.. .+|a1n|
a1

Now let us assume that p = 2, that is, [x2| = 1 and |x;| < 1 fori = 1,3,...,n. Observe that the 2nd row of

the equation: Ux = A(D — L)x:

|A] < <1l

d23X3 +...+donXp = /1(a21x1 + 8.22X2).

Then
Ad2oXo = ax3X3 +...+amXn — Ad21X1
and
IA|[azexz| " [Aflaze| = |azsXs + .. +8znXn — Ad21X1| < [2sXa| +. .. HaznXn| — |A][@21X1]
< |azs|[xs| +...+@zn[Xn| + [Al[azs |[X1] < [azs|+...+@zn] + 2|82
that implies,

|A|(|azz| - [az1]) < [azs| +...+Hazn].
From this inequality, we have
|a23| +.. .+|a2n|
|azz| — a2
For more general, assume [x,| = 1and |[x;| < 1fori=1,...,p—1,p+1,...,n. Observe that the pth row
of the equation: Ux = A(D — L)x:
- (ap,p+1xp+1 + dpp+2Xps2 +.. .+ap,an) = l(aprp + dp1X1 + aAp2X2 +.. .+aann)

|A] < <1l

)yaprp = —(apprr]_Xer]_ + apyp+2Xp+2 +.. .+apyan) - )yap]_X]_ + ap2X2 +... +aann

|ll|aprp| == Mu”appl == |_(ap’p+1Xp+1 + ap,p+2Xp+2 +.. .+ap’an) - Aap]_X]_ + ap2X2 +... +ap’p_1Xn|
n p-1
< ) lapil + 141D Jail
i=p+1 i=1
p-1 p-1 n
AllappXol = 141D _Jagil = [Al{ lappXpl = D Japil | < D_lapil
i=1 i=1 i=p+1
n
. Api
4] < Zipalloil )

p-1
lappXp| — 220, Iapil

4 -1 -1
Example A=| -1 4 -1 |andb=| 2 |andx® =| 0
-1 -1 4
Eigenvalues of T, are: —+,

0.262621313500609.
Hence, p(Tjyac) = % < land p(Tes) = 0.26262131350069 < 1. Both methods converge. Since

p(Tes) < p(Tiac)
we expect Gauss-Seidel Method converges faster. Check with the MatLab programs Jacobi.m and
Gauss_Seidel.m.

>> [xsol,xn,flag,k]=Jacobi(A,[1;2;3],3,zeros(3,1),10"(-8),100);
4

—+ and =; and eigenvalues of Tgs are 0, —0.05949631350069 and



Jacobi Method converges

k=26

>> [xsol,xn,flag,k]=Gauss_Seidel(A,[1;2;3],3,zeros(3,1),107(-8),100);
Gauss-Seidel Method converges

k =15
2 -10

Example A=| -1 2 -1 |andb=| 2 |andx® =] 0
0 -1 2

Note that the condition in Theorem 3 is a sufficient condition, that is, Jacobi or Gauss-Seidel Method
could still converge even if A is not positive definite. For this example, clearly A is not strictly positive

definite. However, eigenvalues of Ty, are: —%, % and 0; and eigenvalues of Tgs are 0, 0, and %

Hence, p(Tjac) = % < land p(Tes) = & < 1. Both methods converge. Since
p(Tes) < p(Toac)

we expect Gauss-Seidel Method converges faster. Check with the MatLab programs Jacobi.m and
Gauss_Seidel.m.

>> [xsol,xn,flag,k]=Jacobi(A,[1;2;3],3,zeros(3,1),10"(-8),100);

Jacobi Method converges

k=54

>> [xsol,xn,flag,k]=Gauss_Seidel(A,[1;2;3],3,zeros(3,1),107(-8),100);
Gauss-Seidel Method converges

k =29

Theorem 3.1fa;j <0, foreachi # j, and ajj > 0 foreachi = 1,2,...,n, then one and only one of the
following statements holds:

a. 0< p(Tes) < p(Ty) < L:
b. 1< p(Ty) < p(Tes):
c. p(Ts) = p(Tes) = 0;
d. p(Ty) = p(Tes) = 1.

Therefore, if both methods converge, then Gauss-Seidel Method is better. The previous example has
illustrated the results given in Theorem 3.

Definition An n x n symmetric matrix A is positive definite if xTAx > 0 for all nonzero vector in R".
Note: A symmetric matrix is positive definite if and only if all its eigenvalues are positive.

4 -1 -1
Example A=| -1 4 -1 |[issymmetric. Itseigenvalues are 5,5,2 so it is positive definite.
-1 -1 4
Definition Ann xn matrix A = [a;] is a tridiagonal matrix if aj; = O wheneveri > j+1orj>i+1.

5



4 -10 O
-14 20 . - .
Example A = is a tridiagonal matrix.
0 -2 4 -3

0O 0 -3 4

Theorem 4. Let T(w) = Tsor for a given . Then
(1) Ifajj =0, foreachi =1,2,...,n, then p(T(w)) > |o —1|.

(2) If A'is a positive definite matrix and 0 < @ < 2, then the SOR method converges for any
choice of initial approximation vector x(©,

(3) If A is a positive definite and tridiagonal matrix, then p(Tas) = [p(Tac)]? < 1, and the
optimal choice of w for the SOR method is

2
1+ 1= (p(Ta))?
With this choice of oy, p(T(@gp)) = |@opn — 1|
(1) Let A; be eigenvalue of T(w).
det(T(w)) = det((D - wL) (1 - @)D + wU))
= det((D - wL)™) det((1 - @)D + wU)

Wopt =

- aa (1-0)"(@u. .am) = (1= )"

det(T(@)) = [ [ A = 1 - 0)"
k=1

|[Ak] > |1 — o] at least for one k.
p(T(@)) = maxdlkl} = 1 - ol

This implies that the SOR method can converge only if 0 < o < 2.

2 -10
Example A=| -1 2 -1 |andb=| 2 |andx@ =| 0
0 -1 2

Previously, we have p(Tjac) = % and p(Tes) = % = (p(Tsac))?. Ais a symmetric positive definite

tridiagonal matrix. Then
Oopt = 2 — — 1.171572875
_ (L
L+t ( 7 )

and p(T(wey )) = |1. 171572875 — 1| = 0.171572875. Check with the MatLab programs:




1) k
>> [xsol,xn,flag,k]=SOR(A,[1;2;3],3,zeros(3,1),10(-8),100,w); 1.10 21
SOR Method converges 1.15 17
>> K 1.171572875| 14

1.2 14

1.25 15

3. Rate of Convergence of Jacobi and Gauss-Seidel Methods:

Theorem 5.: If || T||< 1 for all natural matrix norm and c is a given vector, then {x®} defined by
x® = Tx&D 4 ¢ converges for any x© to a vector x where x(® and x are in R", and

k
k ) T
a || x* =x®]| <|T]| x*=x@]||; and b. [x* —x®] < 1”——||||T||”X(1) —xO|
where x* = A1p.
Proof:
a. Observe that x* = Tx* +c¢, and
[ X =x® || = [[(Tx* +¢) = (TXED 4 ¢)| = [Tx* —xED)|
< [T [x* = xE&D])...
< IITI ] x =x@ .
Ix* —x®@]| = p(T) [x* —x @]
Since
x* —x®
=&y =

by the definition of rate of convergence, we know x® — x* linearly, and the asymptotic error
constant is less than ||T||. So, the smaller ||T|| is, the faster x® — x*,

b. Because we don’t know x* at advance,
XD —xO@ = TxO® + ¢ —x@ —x* + x* = TXO + ¢ —x@ - Tx* —c +x*
= T(X® —x*) = (X©O —x*) = (I = T)(x* —x©@)
X* — X(O) — (| _ T)_l(x(l) _ X(O))
[x* = x O] < [[T*]Ix* = xOI = [[T|*| | = T) XD —x@) ||

= || (T T %) (@ = x|

< ITHEQ + T+ ITIZ +. . OIX® = x©]
”THk 1) 0)
T I



