Inverse Power Method, Shifted Power Method and Deflation - (4.2)(4.3)

Let A be an n x n real matrix and (4i,v;) fori = 1,...,n be eigenpairs of A where
|A1] = |A2] = -+ = |An].

When |A1] > |A2], the Power Method approximates (11,v1). How can other eigenvalues and their
corresponding eigenvectors be approximated?

1. Inverse Power Method -
Property: Let A be nonsingular. If (4i,vi) is an eigenpair of A, then (% ) is an eigenpair of AL,
1

Proof: Since Av; = Ajv;, % = A7lv;. So, (% ) is an eigenpair of AL,
1 I
Clearly, [An-1| > |An| Implies —— —1 o sincel->—_1_>..>_1_ the Power Method
Y ol > [l e T > Tl ST Ty > T 27 2 T
finds m for A7t or |1,| for A. Hence, (An,Vn) can be computed as follows: LetA = LU.
Algorithm: Given A, x and a stopping criterion ¢, let x© = X || ——=—X. Because |[x@|| =1, let
Xpo| = XN =1
Fork =1,2,...,

(1) Solve y® from the equation: LUy® = x&1 (instead of y& = Ax(D),
(2) Compute py such that |y | = [y®] .

(3) Let r = yb and x® = riky(") (Ix©N = 1)
(4) If || x0O — x&D I <e, then A, = r_lk and v, = x®, Otherwise, k = k + 1, repeat steps (1)-(4).

-4 14 0
Example A=| -5 13 0 [, x@=| 1
-1 0 2

Eigenvalues of A are: 2,3, 6.
>>[xsol,rv,flag,k]=PowerMethod(inv(A),ones(3,1),3,10"(-8),100);
>>1/rv(k+1)

2.00000002822991

2. Shifted Power Method:
Property: LetB = A— A1l. Then (0,v1), (Ai —A,v;) fori = 2,...,n are eigenpairs of B.
Proof: Bvy = Avy — A1v1 = A1vi — A1vi = Ovy, and Bvi = Avi — A1vi = (Ai — A1)Vi.
a. The largest eigenvalue (in module) of B gives the eigenvalue A;of A that is the furthest away from
A1.
b. Letq# Aifori=1,...,nandB = (A—qgl)™. - 1 - gives the
the largest eigenvalue (in module)of B
eigenvalue of A that is nearest to g. Note that if we know there is only one single eigenvalue in a
Gerschgorin circle with center g, then this eigenvalue can be approximated by the Power Method
withB = A—ql.




4 14 0
Example A=| -5 13 0 [, x@=| 1
-1 0 2

Eigenvalues of A are: 2,3, 6.

>> [xsol,rv,flag,k]=PowerMethod(A-6*eye(3),0nes(3,1),3,10"(-8),100);
>> rv(k+1)+6

2.00000004036276

>> [xsol,rv,flag,k]=PowerMethod(A-eye(3),o0nes(3,1),3,107(-8),100);
>> rv(k+1)+1

6.00000010217939
>> [xsol,rv,flag,k]=PowerMethod(inv(A-eye(3)),ones(3,1),3,10°(-8),100)
>>1/rv(k+1)+1
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Example A = L1 i1 | (1) Find regions which containe all eigenvalues of A. (2) Use
0o -1 2 3
the Power Method to approximate as many eigenvalues of A as possible.
(1)
)
. Deflation:

Property: Matrices A and AT have the same set of eigenvalues.
Property: Let (i, w;) be eigenpairs of AT, i.e., ATw; = Liw;. If A; # 4;, thenw{v; = 0.
Proof: 0 = w] (Avj) — v]ATw; = Aj(W{vj) — Ai(v{wi) = (4 — 2i)w]vj < wlvj = 0.
Property: Let B = A — Aivix", where v]x = 1. Then eigenvalues of B are 0, and A; for j =+ i.
Proof:
Bvi = Avj — liViXTVi = (li - /li(l))Vi = 0.
Forj i,
BTWj = (A- liViXT)TWj = ATWj - /liX(V}er) = ATWj = /lej.

In the case where |11| > |A2| > --- > |An|, We can use the Power Method to find A1, 12, ..., 4, One by one
by deflation using matrices: B; = A, B, = B; — A1U1X], Bz = By — AoU2X3, .....
Question: How to construct x;?
Two methods:

a. Hotelling Deflation Method:

Xi = mui, Uy = Vi1
b. Wielandt Deflation Method:

2



Xi = ﬁBﬁ where uj; is the ithe element of u; and Bj; is the ith row of Bi, u; = v;.
14
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Example A=| -5 13 0 |, x@=| 1
-1 0 2 1
By Hotelling Deflation Method:

>>B1=A;

>> [xsol,rv,flag,k]=PowerMethod(B1,0nes(3,1),3,107(-8),100);

>> rl=rv(k+1);

>> ul=xsol;

>> X1=ul/norm(ul,2)"2;

>> B2=B1-rl1*ul*x1’;

>> [xsol,rv,flag,k]=PowerMethod(B2,0nes(3,1),3,107(-8),100);

>> r2=rv(k+1);

>> U2=xs0l;

>> x2=u2/norm(u2,2)"2;

>> B3=B2-r2*u2*x2’;

>> [xsol,rv,flag,k]=PowerMethod(B3,0nes(3,1),3,107(-8),100);

>> r3=rv(k+1);

>> u3=xsol;

>>[rlr2 r3]

6.0000 3.0000 2.0000

By Weilandt Deflation Method:

>>B1=A,

>>[xsol,rv,flag,k]=PowerMethod(B1,0nes(3,1),3,107(-8),100);

>>r1=rv(k+1);

>>Ul=xsol;

>>x1=B1(1,1:3)’/(r1*ul(1));

>>B2=B1-r1*ul*x1’;

>>[xsol,rv,flag,k]=PowerMethod(B2,0nes(3,1),3,107(-8),100);

>>r2=rv(k+1);

>>U2=Xso0l;

>>x2=B2(2,1:3)’/(r2*u2(2));

>>B3=B2-r2*u2*x2’;

>>[xsol,rv,flag,k]=PowerMethod(B3,0nes(3,1),3,107(-8),100);

>>r3=rv(k+1);

>>U3=xsol;

>>[rl r2 r3]

6.0000 3.0000 2.0000

Next question: How to form eigenvectors of A?

LetB = A— A;vix" where vix = 1 and (0,u;) and (Ai, ui) fori = 2,...,n be eigenpairs of B. We

know u; = vi. Letv; = au;+bvi. What are values of a and b? Observe that
3



Bvi = (A —21vaXT)Vi = Avi — A1(XTVi) V1 = Aivi — 21 (XTVi) V1.

Left:
Bvi = B(aui+bvi) = aBuj +bBvi = adiu;i + b(0)v1 = ariu;;
right:
Aivi — A1(X"vi) v1 = Ai(aui + bvy) — A1(x"(au; + bvy)) vi
= alilj + bAivi — A1a(xTui)vi — A1b(XTv1)vy
= aliui + bAivi — Aia(xTui)vy — A1b(1)vs.
Bvi = B(aui+bvi) < aiiui = aAiui + bAivy — 21a(XTui)v1 — 21b(1)v;
or

bAivi — A1a(x"vi)vy — A1bvy = 0 or (b(Ai — A1) — A1a(X"uj))vy = 0.
One solution to the equationisto leta = Aj — Ay and b = 1:(x"vy) and
Vi = (Ai — A1) Uj + 21.(XTuj) vy.

Example Previous example. Compute also eigenvectors of A.
[xsol,rv,flag,k]=PowerMethod(B1,0nes(3,1),3,10(-8),100);
rl=rv(k+1);
ul=xsol;
x1=B1(1,1:3)’/(r1*ul(1));
vl=ul,;

B2=B1-rl1*ul*x1’;
[xsol,rv,flag,k]=PowerMethod(B2,0nes(3,1),3,10(-8),100);
r2=rv(k+1);

u2=xsol;

x2=B2(2,1:3)’/(r2*u2(2));

Vv2=(r2-r1)*u2+r1*(x1’*u2)*ul;

B3=B2-r2*u2*x2’;
[xsol,rv,flag,k]=PowerMethod(B3,0nes(3,1),3,10"(-8),100);
r3=rv(k+1);

u3=xsol;
v3=(r3-r2)*u3+r2*(x2’*u3)*u2;
[r1r2r3]

[A*v1-r1*v1 A*v2-r2*v2 A*v3-r3*v3]
1.0e-006 *

-0.0255 -0.1022 -0.0000

-0.0237 -0.1603 -0.0000

-0.0128 -0.1274 0.0000



