The Elementary Theory of Initial-Value Problems - (7.1)

In Chapter 7, we study the numerical methods for solving initial-value problems for ordinary differential
equations:

yt) =f(t,y), a<t<bh, y@) =a.

1. Lipschitz Condition:

Definition 1 A function f(t,y) is said to satisfy a Lipschitz condition in the variable y on a set D < R? if
there exists a constant L > 0 such that

| f(t,y1) —f(ty2)| < L|yi—ya|,
whenever both points (t, y1) and (t, y>) areinD. The constant L is called a Lipschitz
constant for f.

Example Letf(t,y) =1+ty?andD = { ty)|0<t<2 -1<y< 1}. Does f satisfy a Lipschitz
condition on D? If so, find its Lipschitz constant.

Let (t, y1) and (t, y2) beinD, i, tisin[0,2]andyisin[-1, 1]. Observe that

| f(t,y1) —f(ty2) | = [L+tyZ — (L +ty3)] = | t|ly? —v3] = | t||(y1 +V2) (Y1 —V2)| = | t|| y2 + V2| 1 —y2]|.

Because |t | <2and | y1 +Yy2| < 2, we have
| f(ty1) = f(ty2)| < 2Q)@)lyr —Ya| = 4] y1 -y2|.
So, f satisfies a Lipschitz condition and its Lipschitz constant is 4.
Note that the Lipschitz constant L is not unique, that is, for any L > 4, the inequality

| f(t,y1) — f(t,y2)| < L] y1-y2|
also holds. So, in practice, we want to find a L as small as possible.

2. A Sufficient Condition for Lipschitz Condition:
Theorem 1 Suppose f(t,y) is defined on a convex set D — R?. If a constant L > 0 exists with

%(t, y)‘ <L, forall (t y) €D,

then f satisfies a Lipschitz condition on D in the variable y with Lipschitz constant L.

Example Letf(t,y) =1+ty?andD = { (t,y)|0<t<2, —1<y<1}. Doesfsatisfy a Lipschitz
condition on D? If so, find its Lipschitz constant.

The partial derivative of f with respect to y is g—; (t, y) = 2ty. Because
f
g—y(t, y)‘ = | 2ty| = 2| t]] y| < 2(2)Q) = 4,

f satisfies a Lipschitz condition with Lipschitz constant 4.

Example Letf(t,y) = 1+ tsin(ty). Determine if f satisfies a Lipschitz condition in
D={(ty)|0<t<2 -ow<y<o}.
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Compute the partial derivative of f with respecttoy : %f(t y) = tcos(ty) (t) = t2cos(ty). Because
| cos(ty)| < land|t| <2,

2—;@ y>\ = | t2cos(ty)| = [t?] [cos(ty)| < |t?] < 4.

So, f satisfies a Lipschitz condition with a constant 4.

3. A Sufficient Condition for the Uniqueness of Solution of an Initial VValue Problem:

Theorem 2SupposethatD = {(t, y) |a<t<b, —o <y <o} andthatf(t, y) iscontinuous on
D. If f satisfies a Lipschitz condition on D in the variable y, then the initial-value problem

y'®) =f(t,y), ast<b, y@) =a
has a unique solution y(t) fora <t < b.

Example Determine if the initial - value problem
y'() = 2y+t%, 1<t<2, y(1) =0
has a unique solution for 1 <t < 2. If so, find the solution exactly or numerically.
LetD = {(t y)[1<t<2 -ow<y<own}. Chekiff(t y) = %y+t2et satisfies a Lipschitz
condition in D. Because
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f(t, y) satisfies a Lipschitz condition in D and therefore by Theorem 2 the initial-value problem has a
unique solution.
Solve dy _ %y+t2et:

dt
(i) Solve the homogeneous equation dy _ iy = 0 by separation of variables:
dtt

Ly = %dt, Injy| = 2Injt| + C, e"Vl = elit™+C vy, — 2eC = t2C,

y
(ii) Find a particular solution of the homogeneous equation dy ;y = t%e!:

Letyp, = (At? + Bt + C)et. Then ot
Yp = (2At+B)e' + (At? + Bt + C)e!
and
(2At + B)el + (At2 + Bt + C)e! — %(At2 +Bt+Cet = t2% o

At?e! + (2A+B - 2A)te! + (B + C - 2B)e’ — 2Ce! = tZ!

A=1 B=0, C-B=0,C=0
The solution is y, = t2et and the general solution is: y(t) = yp +y, = t2C + t2%e".
(iii) Solve C by the initial valuey(1) =0: y(1) =C+e =0, C = —e.
The general solution: y(t) = t?e! —et?.

Example Determine if the initial - value problem
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y'(t) = 1+tsin(yt), 0<t<2, y0)=0
has a unique solution for 0 <t < 2. If so, find the solution exactly or numerically.
LetD = {(t, y) |0<t<2, —ow<y<ow}. Clearly,f(t y) =1+tsin(yt)iscontinuous on D.
From an earlier example, we know f(t, y) = 1 + tsin(yt) satisfies a Lipschitz condition on D in the
variable y. By Theorem 2, we know the initial value problem has a unique solution.

Solve the initial value problem: % = 1 +tsin(yt), y(0) = 0. We cannot solve it exactly. The

numerical solution:
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y'=1+sin(yt), 0<t<2 y0)=0

. Picard’s Method:
Picard’s method is a method approximate the solution y(t) of the initial-value problem:

y =f(t y),a<t<b, y@ =«
by a sequence of functions { Yi(t) } where y(t) are functions:
yk(t) = a + j;f<x, i (x))dx, k=1,2,....
Thatis, yo(t) = «,
yi(t) = a + j;f(x, a)dx, ya(t) =a+ j;f(x, y1(x))dx, ...

Derivation: Fork > 1,

J' toxyoodx = [y odx = yoolk = y® -y@ =y -
implies
yk(t) = a + f;f(x, Yi1(x))dx.

Example Find approximations yi(t) of the solution to the initial-value problem:
% =y+t, y(0) = -1, by Picard’s method.
For this problem, f(t,y) = y +tand yo(t) = —=1. Then
yi(t) = -1+ j;(—l +x)dx = %t? —t-1



ya(t) :—1+J;(%x2—x—1+x>dx=—1+J;(%x2—1>dx= %t3—t—1

_ 1 k+1 _ + _
yk(t) = —(k-l— 1] t t—1.
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Example Find approximations y;(t) and y»(t) of the solution to the initial-value problem:

% = 1 +tsin(yt), y(0) = 0, by Picard’s method.

For this problem, f(t,y) = 1 + tsin(yt) and yo(t) = 0. Then
t t
yi(t) = 0 +j (1 + xsin(x(0)))dx = j dx = t.
0 0

t
ya(t) = 0+ jo(l +xsin(x2))dx = t + t2sint2,

ya(t) =0+ I;(l + xsin(x(x + x?sin(x?))))dx = ?

Example Find approximations ys(t) of the solution to the initial-value problem:

% = y?+1, y(0) = 1, by Picard’s method.

yo(t) = 1, yi(t) = 1+j;(1+x)dx —t+ %t? +1
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black - yo, blue -yi, red -y, green -ys;
5. Approximate the solution by Taylor series:

Example Determine the first 5 terms in Taylor series expansion of the solution to the initial-value

problem: % =y+t, y0) = -1.
Lety(t) = y(0) +y'(0) t+ 3y"(0) t? +...+=y™ () t" +.... and y'(t) = f(t,y) = y+1.
y(0) = -1, y'(0) =y(0)+0 = -1

y'(®) =y'®)+1,y'(0) =y 0)+1=-1+1=0

y"(t) =y"(), y"(0) =0

yt) ~ -1-t

Example Determine the first 5 terms in Taylor series expansion of the solution to the initial-value
problem:y’ = t> —2y? -1, y(0) = 0.

Lety(t) = y(0) +y'(0) t+ 5y"(0) 2 +...+—-y™(t) t" +.... and f(t,y) = 2 - 2y? - 1.

y(0) =0, y'(0) =-1

y'(t) = 2t—2(2yy') = 2t —4yy', y"(0) = 0-4(9) =0

y'(t) = 2-4(y)" - 4yy" = 2-4(-1)" = -2

y@O ) = -8y'y" —4y'y" +yy"), y*¥(0) =0-4(0+0) =0

yit) = —t— 2t3



